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ABSTRACT

Oh, Seungseok. Ph.D., Purdue University, May, 2005. Nonlinear multigrid inversion
algorithms with applications to statistical image reconstruction. Major Professors:
Charles A. Bouman and Kevin J. Webb.

Many tasks in image processing applications, such as reconstruction, deblurring,

and registration, depend on the solution to inverse problems. In this thesis, we

present nonlinear multigrid inversion methods for solving computationally expensive

inverse problems. The multigrid inversion algorithm results from the application of

recursive multigrid techniques to the solution of optimization problems arising from

inverse problems. The method works by dynamically adjusting the cost functionals at

different scales so that they are consistent with, and ultimately reduce, the finest scale

cost functional. In this way, the multigrid inversion algorithm efficiently computes

the solution to the desired fine scale inversion problem.

While multigrid inversion is a general framework applicable to a wide variety

of inverse problems, it is particulary well-suited for the inversion of nonlinear for-

ward problems such as those modeled by the solution to partial differential equations

since the new algorithm can greatly reduce computation by more coarsely descretiz-

ing both the forward and inverse problems at lower resolutions. An application of our

method to optical diffusion tomography shows the potential for very large compu-

tational savings, better reconstruction quality, and robust convergence with a range

of initialization conditions for this non-convex optimization problem.

The method is extended to further reduce computations by reducing the resolu-

tions of the data space as well as the parameter space at coarse scales. Applications

of the approach to Bayesian reconstruction algorithms in transmission and emission

tomography are presented, both with a Poisson noise model and with a quadratic
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data term. Simulation results indicate that the proposed multigrid approach results

in significant improvement in convergence speed compared to the fixed-grid iterative

coordinate descent (ICD) method and a multigrid method with fixed data resolution.
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1. INTRODUCTION

Many tasks in image processing applications, such as reconstruction, restoration,

registration, and analysis, may be formulated as inverse problems. Often, the nu-

merical solution of these inverse problems can be computationally demanding. In

this thesis, we propose a general framework for nonlinear multigrid inversion that is

applicable to a wide variety of inverse problems, and we describe its applications to

Bayesian image reconstruction for diffusion tomography, transmission tomography,

and emission tomography.

Chapter two presents a general framework for nonlinear multigrid inversion and

discusses its convergence. Our multigrid inversion framework results from the ap-

plication of recursive multigrid techniques to the solution of optimization problems

arising from inverse problems. The method works by dynamically adjusting the cost

functionals at different scales so that they are consistent with, and ultimately reduce,

the finest scale cost functional. A sufficient condition for monotone convergence of

the multigrid optimization is proved. We apply the multigrid approach to opti-

cal diffusion tomography (ODT), which requires the inversion of a forward problem

that is modeled by the solution to a partial differential equation. An application

of our method to Bayesian ODT with a generalized Gaussian Markov random field

(GGMRF) image prior model demonstrates the potential for very large computa-

tional savings, better reconstruction quality, and robust convergence with a range of

initialization conditions.

Chapter three extends the multigrid approach to change the dimensions of the

data space as well as the parameter space, thus further reducing computation. Its

advantage is particularly important for conventional tomography, such as X-ray com-

puted tomography (CT) and positron emission tomography (PET), where observa-
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tion resolutions may differ for different scales. In addition, to further improve com-

putational efficiency, computations are adaptively allocated to the scale at which

the algorithm can best reduce the cost. Its applications to Bayesian reconstruction

algorithms for CT and PET with a GGMRF image prior are presented both for an

exact Poisson measurement noise model and for an approximate Gaussian one.

The last topic of this thesis is a statistical estimation approach for calibrating

ODT data collection systems. Unknown optical source and detector coupling is

modeled with complex-valued coupling coefficients embedded in a data likelihood

function in a Bayesian framework, and the coefficients and image are simultane-

ously estimated. Simulation and experimental results show that our method can

substantially improve reconstruction quality with no prior reference measurement.
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2. A GENERAL FRAMEWORK FOR NONLINEAR

MULTIGRID INVERSION

2.1 Introduction

A large class of image processing problems, such as deblurring, high-resolution

rendering, image recovery, image segmentation, motion analysis, and tomography,

require the solution of inverse problems. Often, the numerical solution of these

inverse problems can be computationally demanding, particularly when the problem

must be formulated in three dimensions.

Recently, some new imaging modalities, such as optical diffusion tomography

(ODT) [1–4] and electrical impedance tomography (EIT) [5], have received much

attention. For example, ODT holds great potential as a safe, non-invasive medical

diagnostic modality with chemical specificity [6]. However, the inverse problems

associated with these new modalities present a number of difficult challenges. First,

the forward models are described by the solution of a partial differential equation

(PDE) which is computationally demanding to solve. Second, the unknown image

is formed by the coefficients of the PDE, so the forward model is highly nonlinear,

even when the PDE is itself linear. Finally, these problems typically are inherently

3-D due to the 3-D propagation of energy in the scattering media being modeled.

Since many phenomena in nature are mathematically described by PDEs, numerous

other inverse problems have similar computational difficulties, including microwave

tomography [7], thermal wave tomography [8], and inverse scattering [9].

To solve inverse problems, most algorithms, such as conjugate gradient (CG),

steepest descent (SD), and iterative coordinate descent (ICD) [10] work by perform-

ing all computations using a fixed discretization grid. While tremendous progress has
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been made in reducing the computational complexity of these fixed grid methods,

computational cost is still of great concern. Perhaps more importantly, fixed grid

optimization methods are essentially performing a local search of the cost function,

and are therefore more susceptible to being trapped in local minima that can result

in poorer quality reconstructions.

Multiresolution techniques have been widely investigated to reduce computation

for inverse problems. Even simple multiresolution approaches, such as initializing fine

resolution iterations with coarse solutions [11–15], have been shown to be effective

in many imaging problems. Wavelets have been studied for Bayesian tomography

[16–20], and both wavelet and multiresolution models have been applied in Bayesian

formulations of emission tomography [21–24] and thermal wave tomography [25].

For ODT, a two resolution wavelet decomposition was used to speed inversion of a

problem linearized with a Born approximation [26].

Multigrid methods are a special class of multiresolution algorithms which work by

recursively operating on the data at different resolutions, using the ideas of nested it-

erations and coarse grid correction [27–32]. Multigrid algorithms originally attracted

interest as a method for solving PDEs by effectively removing smooth error compo-

nents, which are not always damped in fixed-grid relaxation schemes. In particular,

the full approximation scheme (FAS) of Brandt [27] can be used to solve nonlinear

PDEs. Multigrid methods have been used to expedite convergence in various image

processing problems, for example, lightness computation [33], shape-from-X [33,34],

optical flow estimation [33,35–38], signal/image smoothing [39,40], image segmenta-

tion [40, 41], image matching [42], image restoration [43], anisotropic diffusion [44],

sparse-data surface representation [45], interpolation of missing image data [40, 46],

and image binarization [34].

More recently, multigrid algorithms have been used to solve image reconstruction

problems. Bouman and Sauer showed that nonlinear multigrid algorithms could be

applied to inversion of Bayesian tomography problems [47]. This work used nonlinear

multigrid techniques to compute maximum a posteriori (MAP) reconstructions with
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non-Gaussian prior distributions and a non-negativity constraint. McCormick and

Wade [48] applied multigrid methods to a linearized EIT problem, and Borcea [49]

used a nonlinear multigrid approach to EIT based on a direct nonlinear formula-

tion analogous to FAS in nonlinear multigrid PDE solvers. Brandt et al. developed

multigrid methods for EIT [50] and atmospheric data assimilation [51], and applied

multigrid or multiscale methods to various numerical computation problems includ-

ing inverse problems [52, 53]. Johnson et al. [54] applied an algebraic multigrid

algorithm to inverse bioelectric field problems formulated with the finite-element

method. In [55, 56], Ye, et al. formulated the multigrid approach directly in an

optimization framework, and used the method to solve ODT problems. In related

work, Nash and Lewis formulated multigrid algorithms for the solution of a broad

class of optimization problems [57,58]. Importantly, both the approaches of Ye and

Nash are based on the matching of cost functional derivatives at different scales.

In this paper, we propose a method we call multigrid inversion [59–62]. Multigrid

inversion is a general approach for applying nonlinear multigrid optimization to

the solution of inverse problems. A key innovation in our approach is that the

resolution of both the forward and inverse models are varied. This makes our method

particularly well suited to the solution of inverse problems with PDE forward models

for a number of reasons:

• The computation can be dramatically reduced by using coarser grids to solve

the forward model PDE. In previous approaches, the forward model PDE was

solved only at the finest grid. This means that coarse grid updates were ei-

ther computationally costly, or a linearization approximation was made for the

coarse grid forward model [48,55,56].

• The coarse grid forward model can be modeled by a correctly discretized PDE,

preserving the nonlinear characteristics of the forward model.

• A wide variety of optimization methods can be used for solving the inverse

problem at each grid. Hence, common methods such as pre-conditioned con-
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jugate gradient and/or adjoint differentiation [63,64] can be employed at each

grid resolution.

While the multigrid inversion method is motivated by the solution of inverse problems

such as ODT and EIT, it is generally applicable to any inverse problem in which the

forward model can be naturally represented at differing grid resolutions.

The multigrid inversion method is formulated in an optimization framework by

defining a sequence of optimization functionals at decreasing resolutions. In order

for the method to have well behaved convergence to the correct fine grid solution,

it is essential that the cost functionals at different scales be consistent. To achieve

this, we propose a recursive method for adapting the coarse grid functionals which

guarantees that multigrid updates will not change an exact solution to the fine grid

problem, i.e. that the exact fine grid solution is always a fixed point of the multi-

grid algorithm. In addition, we show that under certain conditions, the nonlinear

multigrid inverse algorithm is guaranteed to produce monotone convergence of the

fine grid cost functional. We present experimental results for the ODT application

which show that the multigrid inversion algorithm can provide dramatic reductions

in computation when the inversion problem is solved at the resolution necessary to

achieve a high quality reconstruction.

This paper is organized as follows. Section 2.2 introduces the general concept

of the multigrid inversion algorithm, and Section 2.2.4 discusses its convergence. In

Section 2.3, we illustrate the application of the multigrid inversion method to the

ODT problem, and its numerical results are provided in Section 2.4. Finally, Section

2.5 makes concluding remarks.

2.2 Multigrid Inversion Framework

In this section, we overview regularized inverse methods and then formulate the

general multigrid inversion approach.



7

2.2.1 Inverse problems

Let Y be a random vector of (real or complex) measurements, and let x be a

finite dimensional vector representing the unknown quantity, in our case an image,

to be reconstructed. For any inverse problem, there is a forward model f(x) given

by

E[Y |x] = f(x) (2.1)

which represents the computed means of the measurements given the image x. For

many inverse problems, such as ODT, the forward model f(x) is given by the solution

of a PDE where x determines the coefficients of the discretized PDE. We will assume

that the measurements Y are conditionally Gaussian given x, so that

log p(y|x) = − 1

2α
||y − f(x)||2Λ −

P

2
log(2πα|Λ|−1) , (2.2)

where Λ is a positive definite weight matrix, P is the dimensionality of the mea-

surement, α is a parameter proportional to the noise variance, and ||w||2Λ = wHΛw.

Note that the measurement noise covariance matrix is equal to αΛ−1. When the

data values are real valued, P is equal to the length of the vector Y , but when the

measurements are complex, then P is equal to twice the dimension of Y .

Our objective is to invert the forward model of (2.1) and thereby estimate x from a

particular measurement vector y. There are a variety of methods for performing this

estimation, including maximum a posteriori (MAP) estimation, penalized maximum

likelihood, and regularized inversion. All of these methods work by computing the

value of x which minimizes a cost functional of the form

1

2α
||y − f(x)||2Λ +

P

2
log(2πα|Λ|−1) + S(x) , (2.3)

where S(x) is a stabilizing functional used to regularize the inverse. Note that in the

MAP approach, S(x) = − log p(x), where p(x) is the prior distribution assumed for

x. We will estimate both the noise variance parameter α and x by jointly maximizing

over both quantities [65]. Minimization of (2.3) with respect to α yields the condition
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α̂ = 1
P
||y − f(x)||2Λ. Substitution of α̂ into (2.3) and dropping constants yields the

cost functional to be optimized as

c(x) =
P

2
log ||y − f(x)||2Λ + S(x) , (2.4)

where we will generally assume c(x) is a continuously differentiable function of x.

We have found that joint optimization over α and x has a number of important

advantages. First, in many applications the absolute magnitude of the measurement

noise is not known in advance, while the relative noise magnitude may be known.

In such a scenario, it is useful to simultaneously estimate the value of α along with

the value of x [55, 56, 66]. More importantly, we have found that the logarithm

in the expression of (2.4) makes optimization less susceptible to being trapped in

local minima. In any case, the multigrid methods we describe are equally applicable

to the case when α is fixed. In this case, the cost functional is given by c(x) =

1
2α
||y − f(x)||2Λ + S(x), instead of (2.4).

2.2.2 Fixed-grid inversion

Once the cost functional of (2.4) is formulated, the inverse is computed by solving

the associated optimization problem

x̂ = arg min
x

{

P

2
log ||y − f(x)||2Λ + S(x)

}

. (2.5)

Most optimization algorithms, such as CG, SD, and ICD, work by iteratively mini-

mizing the cost functional. We express a single iteration of such a fixed grid optimizer

as

xupdate ← Fixed Grid Update(xinit, c(·)) , (2.6)

where c(·) is the cost functional being minimized, xinit is the initial value of x,

and xupdate is the updated value.1 We will generally assume that the fixed grid

1We use the ← symbol to denote assignment of a value to a variable, thereby eliminating the need
for time indexing in update equations.
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algorithm reduces the cost functional with each iteration, unless the initial value of

x is at a local minimum of the cost functional. Therefore, we say that an update

algorithm is monotone if c(xupdate) ≤ c(xinit), with strict inequality when ∇c(xinit) 6=
0 or xupdate 6= xinit. Repeated application of a monotone fixed grid optimizer will

produce a sequence of estimates with monotonically decreasing cost. Thus, we may

approximately solve (2.5) through iterative application of (2.6).

In many inverse problems, such as ODT, the forward model computation requires

the solution of a 3-D PDE which must be discretized for numerical solution on a

computer. Although a fine discretization grid is desirable because it reduces modeling

error and increases the resolution of the final image, these improvements are obtained

at the expense of a dramatic increase in computational cost. For a 3-D problem,

the computational cost typically increases by a factor of 8 each time the resolution

is doubled. Solving problems at fine resolution also tends to slow convergence. For

example, many fixed grid algorithms such as ICD2 effectively eliminate error at high

spatial frequencies, but low frequency errors are damped slowly [10,29].

2.2.3 Multigrid inversion algorithm

In this section, we derive the basic multigrid inversion algorithm for solving the

optimization of (2.5). Let x(0) denote the finest grid image, and let x(q) be a coarse

resolution representation of x(0) with a grid sampling period of 2q times the finest grid

sampling period. To obtain a coarser resolution image x(q+1) from a finer resolution

image x(q), we use the relation x(q+1) = I
(q+1)
(q) x(q), where I

(q+1)
(q) is a linear decimation

matrix. We use I
(q)
(q+1) to denote the corresponding linear interpolation matrix.

We first define a coarse grid cost functional, c̃(q)(x(q)), with a form analogous to

that of (2.4), but with quantities indexed by the scale q, as

c̃(q)(x(q)) =
P

2
log ||y(q) − f (q)(x(q))||2Λ + S(q)(x(q)) . (2.7)

2ICD is generally referred to as Gauss-Seidel in the PDE literature literature.
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Notice that the forward model f (q)( · ) and the stabilizing functional S(q)( · ) are both

evaluated at scale q. This is important because evaluation of the forward model

at low resolution substantially reduces computation due to the reduced number of

variables. The specific form of f (q)( · ) generally results from the physical problem

being solved with an appropriate grid spacing. In Section 2.3, we will give a typical

example for ODT where f (q)( · ) is computed by discretizing the 3-D PDE using

a grid spacing proportional to 2q. The quantity y(q) in (2.7) denotes an adjusted

measurement vector at scale q. Note that in this work, we assume that y(q) and

f (q)(·) are of the same length at every scale q, so that the data resolution is not a

function of q. The stabilizing functional at each scale is fixed and chosen to best

approximate the fine scale functional. We give an example of such a stabilizing

functional later in Section 2.2.5.

In the remainder of this section, we explain how the cost functionals at each scale

can be matched to produce a consistent solution. To do this, we define an adjusted

cost functional

c(q)(x(q)) = c̃(q)(x(q))− r(q)x(q)

=
P

2
log ||y(q) − f (q)(x(q))||2Λ + S(q)(x(q))− r(q)x(q) , (2.8)

where r(q) is a row vector used to adjust the functional’s gradient. At the finest

scale, all quantities take on their fine scale values and r(q) = 0, so that c̃(0)(x(0)) =

c(0)(x(0)) = c(x). Our objective is then to derive recursive expressions for the quan-

tities y(q)and r(q) that match the cost functionals at fine and coarse scales.

Let x(q) be the current solution at grid q. We would like to improve this solution

by first performing an iteration of fixed grid optimization at the coarser grid q + 1,

and then using this result to correct the finer grid solution. This coarse grid update

is

x̃(q+1) ← Fixed Grid Update(I
(q+1)
(q) x(q), c(q+1)(·)) , (2.9)
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where I
(q+1)
(q) x(q) is the initial condition formed by decimating x(q), and x̃(q+1) is the

updated value. We may now use this result to update the finer grid solution. We do

this by interpolating the change in the coarser scale solution by

x̃(q) ← x(q) + I
(q)
(q+1)(x̃

(q+1) − I(q+1)
(q) x(q)) . (2.10)

Ideally, the new solutions x̃(q) should be at least as good as the old solution

x(q). Specifically, we would like c(q)(x̃(q)) ≤ c(q)(x(q)) when the fixed grid algorithm

is monotone. However, this may not be the case if the cost functionals are not

consistent. In fact, for a naively chosen set of cost functionals, the coarse scale

correction could easily move the solution away from the optimum.

This problem of inconsistent cost functionals is eliminated if the fine and coarse

scale cost functionals are equal within an additive constant.3 This means we would

like

c(q+1)(x̃(q+1))
∼
= c(q)(x(q) + I

(q)
(q+1)(x̃

(q+1) − I(q+1)
(q) x(q))) + constant (2.11)

to hold for all values of x̃(q+1). Our objective is then to choose a coarse scale cost

functional which matches the fine cost functional as described in (2.11). We do this

by the proper selection of y(q+1) and r(q+1). First, we enforce the condition that the

initial error between the forward model and measurements be the same at the coarse

and fine scales, giving

y(q+1) − f (q+1)(I
(q+1)
(q) x(q)) = y(q) − f (q)(x(q)) . (2.12)

This yields the update for y(q+1)

y(q+1) ← y(q) −
[

f (q)(x(q))− f (q+1)(I
(q+1)
(q) x(q))

]

. (2.13)

Intuitively, the term in the square brackets in (2.13) compensates for the forward

model mismatch between resolutions.

3A constant offset has no effect on the value of x which minimizes the cost functional.
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Fig. 2.1. The role of adjustment term r(q+1)x(q+1). (a) When the gra-
dients of the fine scale and coarse scale cost functionals are different
at the initial value, the updated value may increase the fine grid cost
functional’s value. (b) When the gradients of the two functionals
are matched, a properly chosen coarse scale functional can guarantee
that the coarse scale update reduces the fine scale cost.
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Next, we use the condition introduced in [55–58] to enforce the condition that

the gradients of the coarse and fine cost functionals be equal at the current values

of x(q) and x(q+1) = I
(q+1)
(q) x(q). More precisely, we enforce the condition that

∇c(q+1)(x(q+1))
∣

∣

∣

x(q+1)=I
(q+1)

(q)
x(q)

= ∇c(q)(x(q))I
(q)
(q+1) , (2.14)

where ∇c(x) is the row vector formed by the gradient of the functional c(·). This

condition is essential to assure that the optimum solution is a fixed point of the

multigrid inversion algorithm [56], and is illustrated graphically in Fig. 2.1. In

Section 2.2.4, we will also show how this condition can be used along with other

assumptions to ensure monotone convergence of the multigrid inversion algorithm.

Note that in (2.14), the interpolation matrix I
(q)
(q+1), which comes from the chain rule

of differentiation, actually functions like a decimation operator because it multiplies

the gradient vector on the right. Importantly, the condition (2.14) holds for any

choice of decimation and interpolation matrices.

The equality of (2.14) can be enforced at the current value x(q) by choosing

r(q+1) ← ∇c̃(q+1)(x(q+1))
∣

∣

∣

x(q+1)=I
(q+1)

(q)
x(q)
−
(

∇c̃(q)(x(q))− r(q)
)

I
(q)
(q+1) , (2.15)

where c̃(q)(·) is the unadjusted cost functional defined in (2.7). By evaluating the

gradients and using the update relation of (2.15), we obtain

r(q+1) ← g(q+1) −
(

g(q) − r(q)
)

I
(q)
(q+1) , (2.16)

where g(q) and g(q+1) are the gradients of the unadjusted cost functional at the fine

and coarse scales, respectively, given by

g(q) =− P

||y(q) − f (q)(x(q))||2Λ
Re

{

(

y(q) − f (q)(x(q))
)H

ΛA(q)
}

+∇S(q)(x(q)) (2.17)

g(q+1) =− P

||y(q) − f (q)(x(q))||2Λ
Re

{

(

y(q) − f (q)(x(q))
)H

ΛA(q+1)
}

+∇S(q+1)(I
(q+1)
(q) x(q)), (2.18)

where H is the conjugate transpose (Hermitian) operator, and A(q) denotes the

gradient of the forward model or Fréchet derivative given by

A(q) = ∇f (q)(x(q)) (2.19)
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x(q) ← Twogrid Update(q, x(q), y(q), r(q)) {
Repeat ν

(q)
1 times

x(q) ← Fixed Grid Update(x(q), c(q)( · ; y(q), r(q))) //Fine grid update

x(q+1) ← I
(q+1)
(q) x(q) //Decimation

Compute y(q+1) using (2.13)
Compute r(q+1) using (2.16)

Repeat ν
(q+1)
1 times

x(q+1) ← Fixed Grid Update(x(q+1), c(q+1)( · ; y(q+1), r(q+1))) //Coarse grid update

x(q) ← x(q) + I
(q)
(q+1)(x

(q+1) − I(q+1)
(q) x(q)) //Coarse grid correction

Repeat ν
(q)
2 times

x(q) ← Fixed Grid Update(x(q), c(q)( · ; y(q), r(q))) //Fine grid update
Return x(q) //Return result

}

Fig. 2.2. Pseudo-code specification of a two-grid inversion algorithm.
The notation c(q+1)(x(q+1); y(q+1), r(q+1)) is used to make the cost func-
tional’s dependency on y(q+1) and r(q+1) explicit.

A(q+1) = ∇f (q+1)(x(q+1))
∣

∣

∣

x(q+1)=I
(q+1)

(q)
x(q)

. (2.20)

As a summary of this section, Fig. 2.2 shows pseudocode for implementing the

two-grid algorithm. In this figure, we use the notation c(q+1)(x(q+1); y(q+1), r(q+1))

to make the dependency on y(q+1) and r(q+1) explicit. Notice that ν
(q)
1 fixed grid

iterations are done before the coarse grid correction, and that ν
(q)
2 iterations are

done afterwards. The convergence speed of the algorithm can be tuned through the

choice of ν
(q)
1 and ν

(q)
2 at each scale.

The Multigrid-V algorithm [29] is obtained by simply replacing the fixed grid

update at resolution q+1 of the two-grid algorithm with a recursive subroutine call,

as shown in the pseudocode in Fig. 2.3(b). We can then solve (2.5) through iterative

application of the Multigrid-V algorithm, as shown in Fig. 2.3(a). The Multigrid-V

algorithm then moves from fine to coarse to fine resolutions with each iteration.
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main( ) {
Initialize x(0) with a background estimate
r(0) ← 0
y(0) ← y

Choose number of fixed grid iterations ν
(0)
1 , . . . , ν

(Q−1)
1 and ν

(0)
2 , . . . , ν

(Q−1)
2

Repeat until converged:
x(0) ← MultigridV(q, x(0), c(0)( · ; y(0), r(0)))

}
(a)

x(q) ← MultigridV(q, x(q), y(q), r(q)) {
Repeat ν

(q)
1 times

x(q) ← Fixed Grid Update(x(q), c(q)( · ; y(q), r(q))) //Fine grid update
If q = Q− 1, return x(q) //If coarsest scale, return result

x(q+1) ← I
(q+1)
(q) x(q) //Decimation

Compute y(q+1) using (2.13)
Compute r(q+1) using (2.15)
x(q+1) ← MultigridV(q + 1, x(q+1), y(q+1), r(q+1)) //Coarse grid update

x(q) ← x(q) + I
(q)
(q+1)(x

(q+1) − I(q+1)
(q) x(q)) //Coarse grid correction

Repeat ν
(q)
2 times

x(q) ← Fixed Grid Update(x(q), c(q)( · ; y(q), r(q))) //Fine grid update
Return x(q) //Return result

}
(b)

Fig. 2.3. Pseudo-code specification of (a) the main routine for multi-
grid inversion and (b) the subroutine for the Multigrid-V inversion.
The Multigrid-V algorithm is similar to the 2-grid algorithm, but
recursively calls itself to perform the coarse grid update.
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2.2.4 Convergence of multigrid inversion

Multigrid inversion can be viewed as a method to simplify a potentially expen-

sive optimization by temporarily replacing the original cost functional by a lower

resolution one. In fact, there is a large class of optimization methods which depend

on the use of so-called surrogate functionals, or functional substitution methods to

speed or simplify optimization. A classic example of a surrogate functional is the Q-

function used in the EM algorithm [67,68]. More recently, De Pierro discovered that

this same basic method could be applied to tomography problems in a manner that

allowed parallel updates of pixels in the computation of penalized ML reconstruc-

tions [69,70]. De Pierro’s method has since been exploited to both prove convergence

and allow parallel updates for ICD methods in tomography [71,72].

However, the application of surrogate functionals to multigrid inversion is unique

in that the substituting functional is at a coarser scale and therefore has an argument

of lower dimension. As with traditional approaches, the surrogate functional should

be designed to guarantee monotone convergence of the original cost functional. In

the case of the multigrid algorithm, a sequence of optimization functionals at varying

resolutions should be designed so that the entire multigrid update decreases the finest

resolution cost function.

Figure 2.1 graphically illustrates the use of surrogate functionals in multigrid

inversion. Figure 2.1(a) shows the case in which the gradients of the fine scale and

coarse scale (i.e. surrogate) functions are different at the initial value. In this case,

the surrogate function can not upper bound the value of the fine scale functional,

and the updated value may actually increase the fine grid cost functional’s value.

Figure 2.1(b) illustrates the case in which the gradients of the two functionals are

matched. In this case, a properly chosen coarse scale functional can upper bound

the fine scale functional, and the coarse scale update is guaranteed to reduce the fine

scale cost.
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The concepts illustrated in Fig. 2.1 can be formalized into conditions that guar-

antee the monotone convergence of the multigrid algorithms. The following theorem,

proved in Appendix A, gives a set of sufficient conditions for monotone convergence

of the multigrid inversion algorithm.

Theorem: (Multigrid Monotone Convergence)

For 0 ≤ q < Q− 1, define the functional ξ(q+1) : IRN(q+1) → IR

ξ(q+1)(x(q+1)) = c̃(q+1)(x(q+1))− c̃(q)(x(q) + I
(q)
(q+1)(x

(q+1) − I(q+1)
(q) x(q))) , (2.21)

where N (q+1) is the number of voxels in x(q+1), IR is the set of real numbers, and

the functions c̃(q)(·) and c̃(q+1)(·) are continuously differentiable. Assume that the

following conditions are satisfied:

1. The fixed grid update is monotone for 0 ≤ q < Q.

2. ξ(q)( · ) is convex on IRN(q)
for 0 < q < Q.

3. The adjustment vector r(q+1) is given by (2.15) for 0 ≤ q < Q.

4. ν
(q)
1 + ν

(q)
2 ≥ 1 for 0 ≤ q < Q.

Then, the multigrid algorithm of Fig. 2.3 is monotone for c(0)( · ).
The conditions 1, 3, and 4 of the Theorem are easily satisfied for most problems.

However, the difficulty lies in satisfying condition 2, convexity of ξ(q)(·) for q > 0. If

the eigenvalues of the Hessian of ξ(q)( · ) are lower-bounded, the convexity condition

can be satisfied by adding a convex term, such as γ||x(q)||2, to c̃(q)( · ) for q > 0,

where γ is a sufficiently large constant. However, addition of such a term tends to

slow convergence by making the coarse scale corrections too conservative.

When the forward model is given by a PDE, it can be difficult or impossible

to verify or guarantee the convexity condition of 2. Nonetheless, the theorem still

gives insight into the convergence behavior of the algorithm; and in Section 2.4 we

will show that empirically, for the difficult problem of ODT, the convergence of the

multigrid algorithm is monotone in all cases, even without the addition of any convex

terms.
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2.2.5 Stabilizing functionals

The coarse scale stabilizing functionals, S(q)(x(q)), may be derived through ap-

propriate scaling of S(x). A general class of stabilizing functional has the form

S(x) =
∑

{i,j}∈N
bi−j ρ

(

|xi − xj|
σ

)

, (2.22)

where the set N consists of all pairs of adjacent grid points, bi−j represents the

weighting assigned to the pair {i, j}, σ is a parameter that controls the overall

weighting, and ρ(·) is a symmetric function that penalizes the differences in adja-

cent pixel values. Such a stabilizing functional results from the selection of a prior

density p(x) corresponding to a Markov random field (MRF) [73]. A wide variety

of functionals ρ(·) have been suggested for this purpose [74–76]. Generally, these

methods attempt to select these functionals so that large differences in pixel value

are not excessively penalized, thereby allowing the accurate formation of sharp edge

discontinuities.

The stabilizing functional at scale q must be selected so that

S(q)(x(q))
∼
= S(x) . (2.23)

This can be done by using a form similar to (2.22) and applying scaling factors to

result in

S(q)(x(q)) = 2qd
∑

{i,j}∈N
bi−j ρ





|x(q)
i − x(q)

j |
2q σ



 , (2.24)

where d is the dimension of the problem. Here we assume that xi − xj
∼
= (x

(q)
i −

x
(q)
j )/2q, and we use the constant 2qd to compensate for the reduction in the number

of terms as the sampling grid is coarsened.

In our experiments, we use the generalized Gaussian Markov random field

(GGMRF) image prior model [13,14,56,76,77] given by

p(x) =
1

σNz(p)
exp



− 1

pσp

∑

{i,j}∈N
bi−j|xi − xj|p



 , (2.25)
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where σ is a normalization parameter, 1 ≤ p ≤ 2 controls the degree of edge smooth-

ness, and z(p) is a partition function. For the GGMRF prior, the stabilizing func-

tional is given by

S(x) =
1

pσp

∑

{i,j}∈N
bi−j |xi − xj|p , (2.26)

and the corresponding coarse scale stabilizing functionals are derived using (2.24) to

be

S(q)(x(q)) =
1

p(σ(q))p

∑

{i,j}∈N
bi−j

∣

∣

∣x
(q)
i − x(q)

j

∣

∣

∣

p
, (2.27)

where σ(q) is given by

σ(q) = 2q(1− d
p
) · σ(0) . (2.28)

2.3 Application to Optical Diffusion Tomography

Optical diffusion tomography is a method for determining spatial maps of optical

absorption and scattering properties from measurements of light intensity transmit-

ted through a highly scattering medium. In frequency domain ODT, the measured

modulation envelope of the optical flux density is used to reconstruct the absorp-

tion coefficient and diffusion coefficient at each discretized grid point. However, for

simplicity, we will only consider reconstruction of the absorption coefficient.

The complex amplitude φk(r) of the modulation envelope due to a point source at

position sk and angular frequency ω satisfies the frequency domain diffusion equation

∇ · [D(r)∇φk(r)] + [−µa(r)− jω/c]φk(r) = −δ(r − sk) , (2.29)

where r is position, c is the speed of light in the medium, µa(r) is the absorption

coefficient, and D(r) is the diffusion coefficient. The 3-D domain is discretized into

N grid points, denoted by r1, r2 . . . , rN . The unknown image is then represented

by an N dimensional column vector x = [µa(r1), µa(r2), . . . , µa(rN)]T containing

the absorption coefficients at each discrete grid point, where T is the transpose
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operator. We will use the notation φk(r;x) in place of φk(r), in order to emphasize

the dependence of the solution on the unknown image x. Then the measurement of

a detector at location dm resulting from a source at location sk can be modeled by

the complex value φk(dm;x). The complete forward model function is then given by

4

f(x) = [ φ1(d1;x), φ1(d2;x), . . . , φ1(dM ;x), φ2(d1;x), . . . , φK(dM ;x) ]T . (2.30)

Note that f(x) is a highly nonlinear function because it is given by the solution to

a PDE using coefficients x. The measurement vector is also organized similarly as

y = [y11, y12, . . . , y1m, y21, . . . , yKM ]T , where ykm is the measurement with the source

at sk and the detector at dm.

Our objective is to estimate the unknown image x from the measurements y. In

a Bayesian framework, the MAP estimate of x is given by

x̂MAP = arg max
x≥0
{ log p(y|x) + log p(x) } , (2.31)

where p(y|x) is the data likelihood and p(x) is the prior model for image x, which is

assumed to be strictly positive in value. We use an independent Gaussian shot noise

model (See [77] for details of this noise model) with the form given in (2.2), where

the weight matrix Λ is given by

Λ = diag(
1

|y11|
, . . . ,

1

|y1M |
,

1

|y21|
, . . . ,

1

|yKM |
) . (2.32)

For the prior model, we use the GGMRF density of (2.25) for p(x). Using the for-

mulation of Section 2.2.1, the ODT imaging problem is reduced to the optimization

(x̂MAP , α̂) = arg max
x≥0

max
α







− 1

2α
||y − f(x)||2Λ −

P

2
logα− 1

pσp

∑

{i,j}∈N
bi−j|xi − xj|p







,

(2.33)

4For simplicity of notation, we assume that all source-detector pairs are used. However, in our
experimental simulations we use only a subset of all possible measurements. In fact, practical
limitations can often limit the available measurements to a subset so that P 6= 2KM .
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where constant terms are neglected. Minimizing (2.33) with respect to α reduces the

cost functional to

c(x) =
P

2
log ||y − f(x)||2Λ +

1

pσp

∑

{i,j}∈N
bi−j|xi − xj|p . (2.34)

This cost functional has the same form as (2.4) with the stabilizing functional given

by (2.26). The gradient terms of the stabilizing functional used in (2.17) and (2.18)

are given by

∇S(x) =
1

σp

∑

j∈Nn

bn−j|xn − xj|p−1sgn(xn − xj) . (2.35)

We use multigrid inversion to solve the required optimization problem with coarse

grid cost functionals of the form

c(q)(x(q)) =
P

2
log ||y(q) − f (q)(x(q))||2Λ

+
1

p(σ(q))p

∑

{i,j}∈N
bi−j

∣

∣

∣x
(q)
i − x(q)

j

∣

∣

∣

p − r(q)x(q) , (2.36)

where σ(q) is given by (2.28) with d = 3.

At each scale q, we must also select a fixed grid optimization algorithm. For

simplicity, we minimize (2.36) by alternatively minimizing with respect to α and x

using the update formulas

α← 1

P
||y − f(x)||2Λ (2.37)

x←≈ arg min
x≥0







1

2α
||y − f(x)||2Λ +

1

pσp

∑

{i,j}∈N
bi−j |xi − xj|p − rx







, (2.38)

where all expressions are interpreted as their corresponding scale q quantities. The

fixed scale optimization (2.38) is performed using ICD optimization, as described

in [77]. ICD requires the evaluation of the Fréchet derivative matrix of (2.19). For

the ODT problem, it can be shown that the Fréchet derivative is given by [78]

A(k−1)M+m, n =
∂[f(x)](k−1)M+m

∂xn

=
∂φk(dm;x)

∂xn

= −G(sk, rn;x)G(dm, rn;x)V , (2.39)
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where V is the voxel volume, G(rs, ro;x) is the diffusion equation Green’s function

for the problem domain computed using the image x, with rs as the source location

and ro as the observation point, and domain discretization errors are ignored [14,78].

Since the ODT problem is inherently 3-D, the Fréchet derivative matrix is usually

very large. Fortunately, the separable structure of the Fréchet derivative can be use

to substantially reduce memory requirements by storing the two quantities

φ = [G(s1, r1;x), . . . , G(s1, rN ;x), G(s2, r1;x), . . . , G(sK , rN ;x)] (2.40)

ψ = [G(d1, r1;x), . . . , G(d1, rN ;x), G(d2, r1;x), . . . , G(dM , rN ;x)] (2.41)

and computing A on the fly [14].

The ICD algorithm is initialized by setting a state vector ŷ equal to the forward

model output for the current value of x, giving

ŷ ← f(x) . (2.42)

Each ICD iteration is then computed by visiting each voxel n once using a ran-

dom order, and updating each pixel value xn and the state ŷ using the following

expressions

xold,n ← xn (2.43)

xn ← arg min
u≥0

{

1

2α
||y − ŷ − A∗n(u− xn)||2Λ +

1

pσp

∑

j∈Nn

bn−j|u− xj|p − rnu
}

(2.44)

ŷ ← ŷ + A∗n(xn − xold,n) , (2.45)

where A∗n is the nth column of the matrix A. Note that the state ŷ keeps a running

estimate of the forward model output by (2.45), so that subsequent state updates

can be computed efficiently.

Figure 2.4 shows a detailed pseudo-code specification for the fixed grid and multi-

grid algorithms for the ODT application. In particular, it explicitly shows the com-

putation of the quantities φ(q) and ψ(q) used in the computation of the Fréchet

derivative.
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main( ) {
Initialize x(0) with a background estimate

For q = 1, 2, . . . , Q− 1, x(q) ← I
(q)
(q−1)x

(q−1)

For q = 0, 1, . . . , Q− 1, r(q) ← 0 and y(q) ← y

Repeat until converged: {
Compute φ(0), ψ(0) and ŷ ← f (0)(x(0))
If Multigrid Inversion :

Choose ν
(0)
1 , . . . , ν

(Q−1)
1 and ν

(0)
2 , . . . , ν

(Q−1)
2

x(0) ← MultigridV(0, x(0), y(0), r(0), φ(0), ψ(0), ŷ)
If Fixed Grid Inversion :

x(0) ← Fixed Grid Update(x(0), y(0), r(0), φ(0), ψ(0), ŷ)
}

}
(a)

x← Fixed Grid Update(x, y, r, φ, ψ, ŷ) {
Compute α← 1

P
||y − ŷ||2Λ

For n = 0, . . . , N − 1 (in random order), {
Compute column vector A∗n with (2.39)
Update xn, as described by Ye, et al. [77]:
xold,n ← xn

xn ← arg min
u≥0

{

1

2α
||y − ŷ −A∗n(u− xn)||2Λ +

1

pσp

∑

j∈Nn

bn−j |u− xj |p − rnu
}

ŷ ← ŷ +A∗n(xn − xold,n)

}
}

(b)

x(q) ← MultigridV(q, x(q), y(q), r(q), φ(q), ψ(q), ŷ) {
For ν = 1, . . . , ν

(q)
1

x(q) ← Fixed Grid Update(x(q), y(q), r(q), φ(q), ψ(q), ŷ) //Fine grid update
If q = Q− 1, return x(q) //If coarsest scale, return result

x(q+1) ← I
(q+1)
(q) x(q) //Decimation

Compute φ(q+1), ψ(q+1) and ŷ ← f (q+1)(x(q+1))
Compute y(q+1) using (2.13)
Compute r(q+1) using (2.16)
x(q+1) ← MultigridV(q+1, x(q+1), y(q+1), r(q+1), φ(q+1), ψ(q+1), ŷ) //Coarse grid update

x(q) ← x(q) + I
(q)
(q+1)(x

(q+1) − I(q+1)
(q) x(q)) //Coarse grid correction

For ν = 1, . . . , ν
(q)
2

x(q) ← Fixed Grid Update(x(q), y(q), r(q), φ(q), ψ(q), ŷ) //Fine grid update
Return x(q) //Return result

}
(c)

Fig. 2.4. Pseudo-code specification of fixed grid and multigrid in-
version methods for the ODT problem showing (a) main routine for
ODT problems, (b) fixed-grid update, and (c) Multigrid-V inversion.
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2.4 Numerical Results

This section contains the results of numerical experiments using simulated data

sets. In all cases, our simulated physical measurements were generated using a

257 × 257 × 257 grid discretization of the domain and the MUDPACK [79] PDE

solver. We used the highest practical resolution for the forward model simulation, so

as to achieve the best possible accuracy of the simulated measurements. Since the

sources and detectors are not located exactly on the grid points, a three-dimensional

linear interpolation of the nearest grid points was also used.

Our experiments used two tissue phantoms, which we refer to as the homogeneous

and nonhomogeneous phantoms. Both phantoms had dimensions of 10 × 10 × 10 cm,

and each face contained eight sources and nine detectors with a single modulation fre-

quency of 100 MHz, as shown in Fig. 2.5. So the number of sources was K = 48, and

the the number of detectors was M = 54. Some experiments used all source/detector

pairs (P = 2KM = 5184), while others only used source/detector pairs on different

faces of the cube (P = 2K(M/6) × 5 = 4320). A zero-flux boundary condition

on the outer boundary was imposed to approximate the physical boundary condi-

tion [14,77,78].

The homogeneous phantom had the constant values µa = 0.02 cm−1 andD = 0.03

cm. For the inhomogeneous phantom of Fig. 2.6(a), the µa background was linearly

varied from 0.01 cm−1 to 0.04 cm−1 in a direction perpendicular to a surface of

the cubic phantom, except for the outermost region of width 1.25 cm, which was

homogeneous with µa = 0.025 cm−1 . Two spherical µa inhomogeneities with values

of µa = 0.1 cm−1 (left-top) and µa = 0.12 cm−1 (right-bottom) were centered on

the bisecting plane, which is parallel to the cubic phantom surfaces parallel to the

background variation direction. The diffusion coefficient D was homogeneous with

D = 0.03 cm. For both phantoms, the reconstruction was performed for all voxels

except the eight, four, and two outermost layers of grid points for 65 × 65 × 65,

33× 33× 33, and 17× 17× 17 reconstruction resolutions, respectively. These border
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regions were fixed to their true values in order to avoid singularities near the sources

and detectors. These regions have also been excluded from all cross-section figures

and the evaluation of root-mean-square (RMS) reconstruction error.

2.4.1 Evaluation of required forward model resolution

The objective of this section is to experimentally determine the forward model

resolution required to produce a high quality reconstruction. To do this, we first

evaluated the accuracy of the forward model as a function of resolution using the

homogeneous phantom. The forward model PDE was first solved as resolutions

corresponding to 129× 129× 129, 65× 65× 65, 33× 33× 33, and 17× 17× 17 grid

points. We then computed the distortion-to-noise ratio (DNR) for two scenarios.

The first scenario included all source/detector pairs, and the second only included

source/detector pairs on different faces. This was done because the close proximity

of source/detector pairs on the same face can result in susceptibility to discretization

errors in the forward model. The DNR for the forward solution with l grid points

on each side was computed as

DNR =
2

P

P/2
∑

i=1

∣

∣

∣y(257)i − y(l)i

∣

∣

∣

2

∣

∣

∣y(257)i

∣

∣

∣

, (2.46)

where i is the index of source-detector pairs, y(l)i is the i-th forward solution with

l grid points on each side, y(257)i is the i-th simulated measurement, which was

computed with 257 grid points on each side, and P/2 is the number of complex

measurements. Since
∣

∣

∣y(257)i

∣

∣

∣ is proportional to the noise variance defined in (2.2)

and (2.32), the DNR is proportional to the average ratio of discretization error and

measurement noise.

Table 2.1 lists the DNR as a function of resolution for the two scenarios. Notice

that for all resolutions the DNR is uniformly higher when source/detector pairs on

the same face are included. As expected, the DNR also monotonically decreases as

the resolution of the forward model is increased.
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Fig. 2.5. (a) Source and (b) detector pattern on each face of the cube
geometry. Two data set scenarios were considered: one containing all
source/detector pairs, and a second containing only source/detector
pairs on different faces.

Table 2.1
Distortion-to-noise (DNR) ratio for various forward model resolu-
tions. Coarse discretization increased forward model error, and
source/detector pairs on the same face had much higher DNR.

Distortion-to-noise ratio

Forward Model

Resolution

All measurements
Source/detector

pairs

on different faces

17× 17× 17 6.74× 10−4 9.96× 10−7

33× 33× 33 9.66× 10−5 2.85× 10−8

65× 65× 65 2.44× 10−6 3.35× 10−9

129× 129× 129 1.74× 10−6 1.04× 10−10
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Fig. 2.6. A cross-section through (a) the inhomogeneous phantom,
and the best reconstructions obtained using source detector pairs on
different faces with (b) 65 × 65 × 65 resolution, (c) 33 × 33 × 33
resolution, (d) 17 × 17 × 17 resolution, and (e) all source detector
pairs with 65× 65× 65 resolution.
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Table 2.2
The normalization parameter σ that yields the best reconstruction
and the resulting RMS image error between the reconstructions and
the decimation of the true phantom.

Resolution/Data Set σ RMS image error

65× 65× 65/diff. faces 0.018 0.0069

33× 33× 33/diff. faces 0.008 0.0079

17× 17× 17/diff. faces 0.004 0.0093

65× 65× 65/all 0.03 0.0099
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Next, we examined the reconstruction quality as a function of resolution using

the inhomogeneous phantom. Gaussian shot noise was added to the data using Λ as

given in (2.32) [77], so that the average signal-to-noise ratio for sources and detectors

on opposite faces was 35 dB. Figure 2.6 shows a cross-section through the centers of

inhomogeneities of the original phantom and the corresponding reconstructions for

a variety of resolutions and data set scenarios.5 Each reconstruction used p = 1.2,

but the value of σ = σ(0) was chosen from in the range of 0.002 to 0.12, in order to

minimize the RMS image error between the reconstructions and the decimation of

the true phantom. The parameters and the resulting RMS errors are summarized in

Table 2.2.

Figure 2.6 is consistent with the DNR measurement. The 65×65×65 reconstruc-

tion from source/detector pairs on different faces has the best quality. Reconstruc-

tions at lower resolutions degrade rapidly, with very poor quality at 17 × 17 × 17

resolution. Perhaps it is surprising that even the 65 × 65 × 65 resolution recon-

struction fails when all source/detector pairs are used. This result emphasizes the

importance of using sufficiently high resolution, particularly when source/detector

pairs are closely spaced.

2.4.2 Multigrid performance evaluation

The performance of the fixed-grid and multigrid algorithms was evaluated using

the inhomogeneous phantom measurements of Sec. 2.4.1. Based on the results of

Section 2.4.1, all comparisons of fixed-grid and multigrid inversion algorithms were

performed for the 65×65×65 resolution using only source/detector pairs on different

faces. Our simulations compared fixed-grid inversion with multigrid inversion using

2, 3, and 4 levels of resolution. Table 2.3 lists these four cases together with our

choice for the ν parameters at each scale. We selected the parameters ν to achieve

5These reconstructions were all produced using the multigrid algorithm with the mean phantom
value as the initial condition because in each case this method converged to lowest cost among the
tested algorithms.
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robust convergence for a variety of problems. However, in other work [61], we have

shown that these parameters can be adaptively chosen. The adaptive approach can

further improve convergence speed and eliminates the need to select these parameters

a priori. In order to make fair comparisons of computational speed, we scale the

number of iterations for all methods into units of single fixed grid iterations at the

finest scale. To do this, we use the approximate theoretical number of multiplies and

the corresponding relative complexity shown in Table 2.3. However, we note that

Table 2.3 indicates that the theoretical complexity of the multigrid iterations was

somewhat lower then the experimentally measured complexity. See Appendix B for

details of this conversion.

All reconstructions were done using the inhomogeneous phantom and a prior

model with p = 1.2 and σ = 0.018 cm−1. We chose I
(q+1)
(q) to be the separable 3-D

extensions of the 1-D decimation matrix


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(2.47)

and I
(q)
(q+1) to be the separable 3-D extension of the 1-D interpolation matrix
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respectively.
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Table 2.3
Complexity comparison for each algorithm. Theoretical complex multiplications are estimated with (B.1)
and theoretical relative complexity is the ratio of the required number of multiplications for one iteration to
that for one fixed-grid iteration. Experimental relative complexity is the ratio of user time required for one
iteration to that for one fixed-grid iteration.

Parameters Theoretical Experimental

Algorithm Multiplications Relative Relative

ν
(0)
1 ν

(0)
2 ν

(1)
1 ν

(1)
2 ν

(2)
1 ν

(2)
2 ν

(3)
1 (×106) Complexity Complexity

Fixed-grid 1 · · · · · · 5,799 1 1

2 levels 1 · 20 · · · · 24,569 4.23 4.96

Multigrid-V 3 levels 1 · 5 5 40 · · 21,479 3.70 4.56

4 levels 1 · 4 4 20 20 60 20,775 3.58 4.60
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For the first experiment, all algorithms were initialized with the average values of

the true phantom, which were µa = 0.026 cm−1 and D = 0.03 cm.6 Figure 2.7 shows

that the multigrid algorithms converged much faster than the fixed grid algorithm,

both in the sense of cost and RMS error. The multigrid algorithms converged in

only 20 iterations, while the fixed algorithm required 270 iterations. Even after 200

iterations, the fixed grid algorithm still changed very little in the convergence plots.

Figure 2.8 shows reconstructions produced by the four algorithms. The recon-

structed image quality for all three multigrid algorithms is nearly identical, but the

reconstructed quality is significantly worse for the fixed grid algorithm. In fact,

the multigrid algorithms converged to slightly lower values of the cost functional

(−3.9833×104 to −3.9763×104) than the fixed-grid algorithm (−3.9392×104), and

the RMS image error for the multigrid reconstructions ranged from 0.0069 to 0.007,

while the fixed algorithm converged to the higher RMS error of 0.0081.

To investigate the sensitivity of convergence with respect to initialization, we

performed reconstructions with a poor initial estimate. The initial image was homo-

geneous, with a value of 1.75 times the true phantom’s average value. The plots in

Fig. 2.9 show that the three and four level multigrid algorithms converged rapidly.

In particular, the four level multigrid algorithm converges almost as rapidly as it did

when initialized with the true phantom’s average value. The fixed grid algorithm

changed very little from the initial estimate even after 300 iterations, and the two

grid algorithm progressed slowly. These results suggest that higher level multigrid

algorithms are necessary to overcome the effects of a poor initial estimate.

2.5 Conclusions

We have proposed a nonlinear multigrid inversion algorithm which works by

simultaneously varying the resolution of both the forward model and inverse compu-

tation. Multigrid inversion is formulated in a general framework and is applicable to

6In practice, this is not possible since the average value is not known, but it was done because it
favors the fixed-grid algorithm.



33

0 50 100 150 200 250 300

−4

−3.5

−3

−2.5

−2

−1.5
x 10

4

Iterations (converted to finest grid iterations)

C
os

t

fine−grid only
2 levels (ν(0)=1 ν(1)=20)
3 levels (ν(0)=1 ν(1)=10 ν(2)=40)
4 levels (ν(0)=1 ν(1)=8 ν(2)=40 ν(3)=60)

(a)

0 50 100 150 200 250 300
0.006

0.008

0.01

0.012

0.014

0.016

Iterations (converted to finest grid iterations)

R
M

S
 Im

ag
e 

E
rr

or

fine−grid only
2 levels (ν(0)=1 ν(1)=20)
3 levels (ν(0)=1 ν(1)=10 ν(2)=40)
4 levels (ν(0)=1 ν(1)=8 ν(2)=40 ν(3)=60)

(b)

Fig. 2.7. Convergence of (a) cost function and (b) RMS image er-
ror when reconstructions were initialized with average values of true
phantom. All multigrid algorithms converge about 13 times faster
than the fixed-grid algorithm.
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Fig. 2.8. Cross-sections of reconstructions on the plane through the
centers of the inhomogeneities using (a) 4 level multigrid with 19.35
iterations, (b) 3 level multigrid with 19.95 iterations, (c) 2 level multi-
grid with 18.24 iterations, and (d) 270 fixed grid iterations. All the
multigrid reconstructions have better image quality the the fixed grid
reconstruction.
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Fig. 2.9. Convergence of (a) cost function and (b) RMS image er-
ror with a poor initial guess. For higher level multigrid algorithms,
the convergence was faster. In particular, the four level multigrid
algorithm converged almost as fast as when the reconstruction was
initialized with the true phantom’s average value.
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a wide variety of inverse problems, but it is particularly well suited for the inversion

of nonlinear forward problems such as those modeled by the solution of PDEs.

We performed experimental simulations for the application of multigrid inversion

to optical diffusion tomography using an ICD (Gauss-Seidel) fixed-grid optimizer.

These simulations indicate that multigrid inversion can dramatically reduce compu-

tation, particularly if the reconstruction resolution is high, and the initial condition

is inaccurate. Perhaps more importantly, multigrid inversion showed robust conver-

gence under a variety of conditions and while solving an optimization problem that

is subject to local minima. Future investigation could also make these comparisons

using other fixed grid optimizers, such as conjugate gradient. Our experiments also

indicated the importance of adequate resolution in the forward model.
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3. MULTIGRID TOMOGRAPHIC INVERSION WITH

VARIABLE RESOLUTION DATA AND IMAGE SPACES

3.1 Introduction

Over the past decade, many important image processing applications have been

formulated in the framework of inverse problems. However, a major barrier to the

use of inverse problem techniques has been the computational cost of these meth-

ods, which typically require the optimization of high dimensional and sometimes

nonquadratic cost functionals. These computational challenges are only made more

difficult by concurrent trends toward larger data sets and correspondingly higher

resolution images in two and higher dimensions.

Multiresolution techniques have been widely investigated as a method for reduc-

ing the computation required to solve inverse problems. The techniques have ranged

from simple coarse-to-fine approaches [11–15], which initialize fine scale iterations

with coarse scale solutions, to more sophisticated wavelet or multiresolution image

model-based approaches, which have been applied to image segmentation [80–83],

image restoration [23,84–88], and image reconstruction [16,17,20–26,89].

Multigrid methods [27–29], which are multiresolution approaches originally devel-

oped for fast partial differential equation (PDE) solvers, have been recently applied

to inverse problems such as image reconstruction [47, 48, 50–56, 90–92], optical flow

estimation [33, 35–38], interpolation of missing image data [40, 46], image segmen-

tation [40, 41], image analysis [33, 34, 42, 45], image restoration [43], and anisotropic

diffusion [44]. Multigrid methods achieve fast convergence not only because coarse

scale operations are much cheaper than those at fine scale, but also because coarse

grid corrections typically remove low frequency error components more effectively
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than fine scale corrections. Furthermore, unlike simple coarse-to-fine approaches,

they provide a systematic method to go from fine to coarse, as well as from coarse to

fine, so that coarse scale updates can be applied whenever they are expected to be

effective. Since they operate directly in the space domain, multigrid algorithms can

also easily enforce nonnegativity constraints, which are often necessary to obtain a

physically meaningful image in tomographic reconstruction problems.

Interestingly, most of the existing work on multigrid image reconstruction has

focused on applications that use a forward model described by the solution to one or

more PDEs. For example, optical diffusion tomography (ODT) [55,56,91], electrical

impedance tomography [48–50], bioelectric field problem [54], and atmospheric data

assimilation [51] all use a forward model that depends implicitly on the solution

to a PDE. In these applications multigrid algorithms provide significant computa-

tional savings, partly because good initialization is usually not available, and partly

because per iteration computation tends to be high. For example, the application

of our nonlinear multigrid inversion to ODT showed the potential for very large

computational savings and robust convergence with respect to various operational

initializations [91]. However, relatively little work has been done on applying multi-

grid methods to emission and transmission tomography problems [47,90,92].

Conventional tomography and many other inverse problems, such as motion anal-

ysis and image deblurring, have large measurement data sets which also can be dec-

imated at coarse scales. Some inversion approaches have used multiresolution repre-

sentations of this data. For example, wavelet decomposition of projection data is used

in filtered backprojection [93–98] and MAP reconstruction [17, 18, 24], and a multi-

scale forward projection equation solver uses decimated sinogram data for coarse

scale iterations [99]. Interestingly, the ordered subset expectation-maximization

(OSEM) algorithm [100] does not use multiresolution data representation, but it

does use only a subset of the data in each iteration. Importantly, existing multigrid

methods, including our previous multigrid inversion framework [91], do not exploit

the possibility of coarse representation of measurement data at coarser scales, and
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thus their computational gain comes only from a reduced number of unknown vari-

ables by coarse discretization of the image at coarser scales.

In this paper, we propose a new multigrid method that is novel in three important

ways. First, it reduces computation by changing the resolution of the data space as

well as the image space. Second, it formulates the multigrid inversion problem for

Bayesian reconstruction from transmission or emission data with either a Poisson

or Gaussian noise model. Third, it incorporates a novel adaptive multigrid scheme

which allocates computation to the scale at which the algorithm can best reduce the

cost [61].

As with our previous multigrid inversion method [91], our new multigrid method

formulates a consistent set of coarse scale cost functions and moves up and down

recursively in resolution to solve the original finest scale problem. However, the

important difference from our previous formulation is that the measurement data as

well as the image is coarsely discretized at the coarse scale, and thus computation is

further reduced. This is especially advantageous in applications where the data as

well as the image have high dimension.

An important feature of our formulation is that the choice of decimator/interpolator

for the data space is independent of the choice of those for the image space. In

many image processing applications, such as motion analysis and image deblurring,

a measurement is available for each pixel of the image space, so the same decima-

tion/interpolation operators may be using on both the data and images. However,

in many applications, including tomography, this is not true. Thus, the flexibil-

ity in choosing the decimator/interpolator makes our proposed multigrid approach

particulary suitable for tomographic image reconstruction problems.

Our simulation results show that our multigrid algorithms using variable data

resolution yield better convergence speed than the iterative coordinate descent (ICD)

method [10,101] and multigrid algorithms using fixed data resolution.
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3.2 Multigrid Inversion with Variable Resolution Data and Image Spaces

In this section we present a multigrid inversion approach that changes resolu-

tions of both data and image spaces. We first present our approach for the case of

measurements with additive Gaussian noise, and we then generalize the method for

inversion with Poisson noise.

3.2.1 Quadratic data term case

Let Y ∈ IRM be a random vector of measured data, and let x ∈ IRN be a

discretized unknown image. Then, the expected value of the measurement vector is

given by

E[Y |x] = f(x) (3.1)

where f :IRN → IRM is know as the forward model. Our task is then to estimate the

image x which produced the observations Y . A common approach for solving this

problem is to solve an associated optimization problem of the form

x̂ = arg min
x
{− log p(y|x) + S(x)} , (3.2)

where p(y|x) is the probability density of Y given x, and S(x) is a stabilizing function

designed to regularize the inversion [102, 103]. If S(x) = − log p(x), where p(x) is

the image prior probability density, this results in the maximum a posteriori (MAP)

estimate of x.

If the measurements Y are conditionally Gaussian given x with noise covariance

matrix (2Λ)−1, then the inverse is computed by minimizing the cost function

||y − f(x)||2Λ + S(x) , (3.3)

where ||w||2Λ = wHΛw. By expanding the data term of (3.3), the cost function may

be expressed within a constant as

c(x) = ||f(x)||2Λ + 2aTf(x) + S(x) , (3.4)
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where a = −ΛTy. For the case where we estimate a noise scaling parameter, see

Appendix D.

Minimizing a function such as (3.4) can be very computationally expensive, par-

ticularly when the image x and data y have high dimension. Our approach to

reducing computation will be to formulate an approximate cost function using a

coarse scale representation of the image and data. To do this, we require methods

for decimating and interpolating in both domains.

Let x(q) ∈ IRN(q)
and y(q) ∈ IRM(q)

denote representations of x = x(0) and y = y(0)

at coarser resolution q. In order to convert between resolutions, we define the image

domain decimation operator x(q+1) = I
(q+1)
(q) x(q) and the data domain decimation

operator y(q+1) = J
(q+1)
(q) y(q). Similarly, we define the interpolation operators for

image and data domains as x(q) = I
(q)
(q+1)x

(q+1) and y(q) = J
(q)
(q+1)y

(q+1), respectively.

Typically, we use either pixel replication or bilinear interpolation operators and

decimation operators, but the theory is applicable to a wide range of choices. Notice

that in general, I
(q+1)
(q) and J

(q+1)
(q) may be different.

We will assume that there is some natural way to define a coarse scale forward

model f (q) : IRN(q) → IRM(q)
which maps the coarse scale image to the coarse scale

data. In practice, f (q)(·) can result from the method used to discretize the physical

problem, but at this point we will make few assumptions regarding its specific form.

The most crucial assumption in our formulation is that

f (0)(x(0))
∼
= J

(0)
(q) f

(q)(x(q)) . (3.5)

Then by replacing f (0)(x(0)) in the original finest scale cost function (3.4) with an

interpolated forward model J
(0)
(q) f

(q)(x(q)), we have an approximate coarse scale cost

function

c̃(q)(x(q)) = ||J (0)
(q) f

(q)(x(q))||2Λ + 2aTJ
(0)
(q) f

(q)(x(q)) + S(q)(x(q)) , (3.6)

where the coarse scale stabilizing function S(q)(·) is chosen to best approximate the

original finest scale one, as described in [91] and later in Sec. 3.4.1. By defining

Λ(q) = [J
(0)
(q) ]

T Λ(0)J
(0)
(q) (3.7)
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a(q) = [J
(0)
(q) ]

Ta(0) , (3.8)

(3.6) can be expressed as

c̃(q)(x(q)) = ||f (q)(x(q))||2Λ(q) + 2a(q)Tf (q)(x(q)) + S(q)(x(q)) . (3.9)

The form of (3.9) is analogous to that of (3.4), but with quantities indexed by the

scale q. As in our previous work [91], the forward model f (q)( · ) and the stabilizing

function S(q)( · ) use a coarsely discretized image at each scale q, and thus computa-

tions are substantially reduced due to the reduced number of variables. In this work,

computation is further reduced since the dimension of the forward model vector also

changes with q.

We adjust the coarse scale cost functions (3.9) at each scale to better match with

the original fine scale one, and thus to produce a consistent solution. To do this, we

define an adjusted cost function by appending an additional linear correction term.

This yields the adjusted cost function

c(q)(x(q)) = ||f (q)(x(q))||2Λ(q) + 2a(q)Tf (q)(x(q)) + S(q)(x(q))− r(q)x(q) , (3.10)

where r(q) is a row vector used to adjust the function’s gradient, the choice of which

will be discussed later. At the finest scale, r(q) = 0 is chosen so that c(0)(x(0)) = c(x).

With the set of coarse scale cost functions of the form in (3.10), the multigrid

algorithm solves the original problem by moving up and down in resolution [56,91].

Let x(q) be the current solution at grid q. We would like to improve this solution by

first performing iterations of fixed grid optimization at the coarser grid q + 1, and

then using this result to correct the finer grid solution. This coarse grid update is

x̃(q+1) ← Fixed Grid Update(I
(q+1)
(q) x(q), c(q+1)(·)) , (3.11)

where x̃(q+1) is the updated value, and the operator Fixed Grid Update(xinit, c(·)) is

any fixed grid update algorithm designed to reduce the cost function c(·) starting

with the initial value xinit. In (3.11), the initial condition I
(q+1)
(q) x(q) is formed by
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decimating x(q). We may now use this result to update the finer grid solution. We

do this by interpolating the change in the coarser scale solution.

x̃(q) ← x(q) + I
(q)
(q+1)(x̃

(q+1) − I(q+1)
(q) x(q)) . (3.12)

In order to ensure updates which reduce the fine scale cost, we would like to

make the fine and coarse scale cost functions equal within an additive constant.

This means we would like the equation

c(q+1)(x̃(q+1))
∼
= c(q)

(

x(q) + I
(q)
(q+1)(x̃

(q+1) − I(q+1)
(q) x(q))

)

+ constant (3.13)

to hold for all coarse-scale updated values of x̃(q+1). Our objective is then to choose

a coarse scale cost function which matches the fine cost function, as described in

(3.13). We do this by selecting r(q+1) to match the gradients of the coarse and fine

cost functions at the current values of x(q) and x(q+1) = I
(q+1)
(q) x(q). More precisely,

we enforce the condition that

∇c(q+1)(x(q+1))
∣

∣

∣

x(q+1)=I
(q+1)

(q)
x(q)

= ∇c(q)(x(q))I
(q)
(q+1) , (3.14)

where ∇c(x) is the row vector formed by the gradient of the function c(·) [56]. This

condition (3.14) is essential to assure that the optimum solution is a fixed point of

the multigrid inversion algorithm [56], and we can show how this condition can be

used along with other assumptions to ensure monotone convergence of the multigrid

inversion algorithm [91]. Note that in (3.14), the interpolation matrix I
(q)
(q+1), which

comes from the chain rule of differentiation, actually functions like a decimation

operator because it multiplies the gradient vector on the right. Importantly, the

condition (3.14) holds for any choice of decimation and interpolation matrices. The

equality of (3.14) can be enforced at the current value x(q) by choosing

r(q+1) ← ∇c̃(q+1)(x(q+1))
∣

∣

∣

x(q+1)=I
(q+1)

(q)
x(q)
−
(

∇c̃(q)(x(q))− r(q)
)

I
(q)
(q+1) . (3.15)

By evaluating the gradient for the cost function (3.4), (3.15) is computed by

r(q+1) ← g(q+1) −
(

g(q) − r(q)
)

I
(q)
(q+1) , (3.16)
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where g(q) and g(q+1) are the gradients of the unadjusted cost function at the fine

and coarse scales, respectively, given by

g(q) ← 2
(

f (q)(x(q))Λ(q)T + a(q)
)T

A(q) +∇S(q)(x(q)) (3.17)

g(q+1) ← 2
(

f (q+1)(x(q+1))Λ(q+1)T + a(q+1)
)T

A(q+1) +∇S(q+1)(x(q+1)) ,(3.18)

where T is the transpose operator, and A(q) denotes the gradient of the forward

model or Fréchet derivative given by

A(q) = ∇f (q)(x(q)) (3.19)

A(q+1) = ∇f (q+1)(x(q+1))
∣

∣

∣

x(q+1)=I
(q+1)

(q)
x(q)

. (3.20)

Assuming that

J
(0)
(q+1) = J

(0)
(q)J

(q)
(q+1) , (3.21)

the coarse scale cost function parameters (3.7) (3.8) can be computed iteratively by

Λ(q+1) ← [J
(q)
(q+1)]

T Λ(q)J
(q)
(q+1) (3.22)

a(q+1) ← [J
(q)
(q+1)]

Ta(q) . (3.23)

The computations of (3.22) and (3.23) are inexpensive and, in addition, can be

precomputed since they are independent of the image x(q).

The pseudocode in Fig. 3.1(b) shows the Multigrid-V algorithm to solve the

minimization of (3.4). Multigrid-V recursion is a standard multigrid methods, which

calls itself recursively in resolution. More specifically, it replaces the coarse scale

fixed-grid update of (3.11) by a recursive call of multigrid algorithm. We solve the

problem through iterative application of the Multigrid-V algorithm, as shown in

Fig. 3.1(a). See [27–29,56,91] for the details of Multigrid-V recursion.

3.2.2 Poisson data case

Some inverse problems, such as transmission and emission tomography, use Pois-

son measurement noise models [104, 105]. In the Poisson noise model, we assume
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main( ) {
Initialize x(0) with a background estimate

For q = 0, 1, . . . , Q− 2, x(q+1) ← I
(q+1)
(q) x(q)

For q = 0, 1, . . . , Q− 1, r(q) ← 0
If Gaussian noise model is used, then {

For q = 0, 1, . . . , Q− 2, Λ(q+1) ← [J
(q)
(q+1)]

T Λ(q)J
(q)
(q+1)

For q = 0, 1, . . . , Q− 2, a(q+1) ← [J
(q)
(q+1)]

T a(q)

}
If Poisson noise model is used, then {

For q = 1, 2, . . . , Q− 1, y(q) ← J
(q)
(0)y

(0)

}
Choose number of fixed grid iterations ν

(0)
1 , . . . , ν

(Q−1)
1 and ν

(0)
2 , . . . , ν

(Q−1)
2

Repeat until converged:
x(0) ← MultigridV(q, x(0), r(0))

}
(a)

x(q) ← MultigridV(q, x(q), r(q)) {
Repeat ν

(q)
1 times

x(q) ← Fixed Grid Update(x(q), c(q)( · ; r(q))) //Fine grid update
If q = Q− 1, return x(q) //If coarsest scale, return result

x(q+1) ← I
(q+1)
(q) x(q) //Decimation

If Gaussian noise model is used, then {
Compute r(q+1) using (3.15) (3.17) and (3.18)

}
If Poisson noise model is used, then {

Compute r(q+1) using (3.15) (3.33) and (3.34)
}
x(q+1) ← MultigridV(q + 1, x(q+1), r(q+1)) //Coarse grid update

x(q) ← x(q) + I
(q)
(q+1)(x

(q+1) − I(q+1)
(q) x(q)) //Coarse grid correction

Repeat ν
(q)
2 times

x(q) ← Fixed Grid Update(x(q), c(q)( · ; r(q))) //Fine grid update
Return x(q) //Return result

}
(b)

Fig. 3.1. Pseudo-code specification of (a) the main routine for multi-
grid inversion and (b) the subroutine for the Multigrid-V inversion.
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(3.1) holds with the Ym’s being independent Poisson random variables. In this case,

the negative log likelihood of the Poisson data is given by

− log p(y|x) =
M
∑

m=1

{fm(x)− ym log fm(x) + log(ym!)} , (3.24)

where M is the number of measurements and ym is a realization of Ym, and its

corresponding regularized inverse can be solved by minimizing the cost function

c(x) =
M
∑

m=1

{fm(x)− ym log fm(x)}+ S(x) . (3.25)

We first compute coarse scale measurement data using data domain decimation

y(q) 4
= J

(q)
(0)y

(0) . (3.26)

In addition to (3.5), we also make a few assumptions, which are satisfied for most

choices of data domain decimation and interpolation operators. First, we assume that

the interpolated coarse scale data approximates the fine scale data. More formally,

we say

y(0) ∼
= J

(0)
(q) y

(q) . (3.27)

Second, we assume that

f (0)
m (x(0))

∼
= f

(q)
i (x(q)) for

[

J
(0)
(q)

]

m,i
6= 0 , (3.28)

where [B]m,i is the (m, i)th element of matrix B. In order to understand this

assumption, notice that when
[

J
(0)
(q)

]

m,i
is nonzero, m and i are the corresponding

data at different resolutions. So in this case, we would expect the two data to be

approximately equal. Third, we assume that

M(0)
∑

m=1

[

J
(0)
(q)

]

m,i
=
M (0)

M (q)
, (3.29)

which insures that the average value of y(0) and y(q) are the same.
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The negative logarithm of the Poisson data likelihood (3.24) can then be approx-

imated as

− log p(y|x)−
M
∑

m=1

log(ym!)

=
M(0)
∑

m=1

{

f (0)
m (x(0))− y(0)

m log f (0)
m (x(0))

}

∼
=

M(0)
∑

m=1

{[

J
(0)
(q) f

(q)(x(q))
]

m
−
[

J
(0)
(q) y

(q)
]

m
log f (0)

m (x(0))
}

=
M(0)
∑

m=1







M(q)
∑

i=1

[

J
(0)
(q)

]

m,i
f

(q)
i (x(q))−

M(q)
∑

i=1

[

J
(0)
(q)

]

m,i
y

(q)
i log f (0)

m (x(0))







∼
=

M(0)
∑

m=1







M(q)
∑

i=1

[

J
(0)
(q)

]

m,i
f

(q)
i (x(q))−

M(q)
∑

i=1

[

J
(0)
(q)

]

m,i
y

(q)
i log f

(q)
i (x(q))







=
M(q)
∑

i=1







(

f
(q)
i (x(q))− y(q)

i log f
(q)
i (x(q))

)

M(0)
∑

m=1

[

J
(0)
(q)

]

m,i







=
M (0)

M (q)

M(q)
∑

i=1

[

f
(q)
i (x(q))− y(q)

i log f
(q)
i (x(q))

]

, (3.30)

where the third line comes from (3.5) and (3.27), the fourth from the element-by-

element expansion of the data domain interpolation, the fifth from (3.28), the sixth

from the summation order exchange, and the last from (3.29). Thus, an approximate

coarse scale cost function with a reduced resolution data and forward model may be

expressed as

c̃(q)(x(q)) =
M (0)

M (q)

M(q)
∑

m=1

[

f (q)
m (x(q))− y(q)

m log f (q)
m (x(q))

]

+ S(q)(x(q)) . (3.31)

The adjusted coarse scale cost is then obtained by adding the gradient correction

term

c(q)(x(q)) =
M (0)

M (q)

M(q)
∑

m=1

{

f (q)
m (x(q))− y(q)

m log f (q)
m (x(q))

}

+ S(q)(x(q))− r(q)x(q) , (3.32)

where r(q) is computed by (3.16) with

g(q) ← M (0)

M (q)

M(q)
∑

m=1

[

A(q)
m,∗

(

1− y(q)
m

f
(q)
m (x(q))

)]

+∇S(q)(x(q)) (3.33)

g(q+1) ← M (0)

M (q+1)

M(q+1)
∑

m=1

[

A(q+1)
m,∗

(

1− y(q+1)
m

f
(q+1)
m (x(q+1))

)]

+∇S(q+1)(x(q+1)) ,(3.34)
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where Am,∗ denotes the mth row of the matrix A. With this choice of coarse scale

cost functions, multigrid inversion works by the procedure specified in Fig. 3.1.

3.3 Adaptive Computation Allocation

The MultigridV subroutine in Fig. 3.1(b) specifies that ν
(q)
1 fixed grid iterations

are performed before each coarse grid update, and ν
(q)
2 iterations are performed after

the update. The convergence speed of the algorithm can be tuned through the

choices of ν
(q)
1 and ν

(q)
2 at each scale. In practice, the best choice of these parameters

also varies with the number of MultigridV iterations. For example, coarse fixed-grid

optimization is typically more important in initial iterations, while fine fixed-grid

optimization is more important during later iterations when the solution is close to its

final value. For this reason, we can further improve convergence speed by adaptively

changing the values of ν
(q)
1 and ν

(q)
2 with time instead of fixing the parameters to

pre-determined values.

In this section, we describe how to adaptively allocate computation to the scale at

which the algorithm can best reduce the cost [61]. In our adaptive scheme, we do not

fix the ν
(q)
1 and ν

(q)
2 parameters in advance. Instead we perform fixed-grid updates as

long as they continue to effectively reduce cost. This adaptive approach can further

improve convergence speed and eliminates the need to select these parameters.

First, we would like the image updates to begin at the coarsest scale since this

is usually more effective when the solution is far from the optimum. To do this, we

initially set ν
(q)
1 = 0, so that when proceeding from fine to coarse scale in the first

multigrid-V cycle we do not update the image and only update the r vector.

Second, when proceeding from coarse to fine scale in the first multigrid-V cycle,

we perform the fixed-grid iterations until the change in the cost function falls below a

threshold. More specifically, fixed-grid iterations are applied as long as the condition

C1 : ∆c(q) ≥ ∆maxc
(q) T (3.35)
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Fine

Coarse

0

Q-2

Q-1

Q-3

1

2

: n is determined with (C2)

: n is determined with (C1)

: =0n

Fig. 3.2. Adaptive multigrid-V scheme

is satisfied, where ∆c(q) is a state variable containing the reduction in cost that

resulted from the most recent application of the fixed grid optimization at grid

resolution q, ∆maxc
(q) is a state variable containing the maximum value that ∆c(q)

has taken on, and T is a threshold which we set to the value 0.1 in this paper. If the

condition is not satisfied, the algorithm proceeds to the next scale.

Once the first multigrid cycle is complete, the adaptive multigrid algorithm com-

pares the computational efficiency at the current scale q and at the next grid scale

denoted by qnext, and performs the fixed grid iteration at scale q only if it is likely to

be more effective than moving to scale qnext. More specifically, before each fixed-grid

update, a conditional test, C2, is evaluated. If the test is true, the fixed-grid update

is performed; but if it is false, then the algorithm preceeds to the next grid scale

qnext. This condition is given by

C2 :
∆c(q)

comp(q)
≥ ∆c(qnext)

comp(qnext)
, (3.36)

where comp(q) is the computation required for a single fixed-grid update at scale q.

Importantly, since ∆c(q) and ∆c(qnext) are state variables, these values are saved from

the previous pass through grid resolutions q and qnext.

The adaptive MultigridV algorithm is schematically summarized in Fig. 3.2.

While some adaptive multigrid algorithms have been developed for PDE solvers [106],
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our adaptive scheme is unique because it uses the cost change as the criterion for

adaptation. This is possible because our multigrid inversion method is based on an

optimization framework [56,91], in contrast to conventional multigrid methods which

are formulated as equation solvers.

3.4 Applications to Bayesian Emission and Transmission Tomography

In this section we apply the proposed multigrid inversion method to iterative

reconstruction for emission and transmission tomography. The algorithms are for-

mulated in a Bayesian reconstruction framework using both the quadratic data term

and the Poisson noise model.

3.4.1 Multigrid tomographic inversion with quadratic data term

Emission tomography and transmission tomography use projected photon counts

y to reconstruct the image x, which consists of a cross-sectional emission rate map

and a cross-sectional attenuation map, respectively. The MAP image reconstruction

problem is reduced to a minimization problem with the cost function [10,101]

||γ − Px||2Λ + S(x) , (3.37)

where for the emission case we have

γm = ym (3.38)

Λ =
1

2
diag

{

1

y1

,
1

y2

, . . . ,
1

yM

}

, (3.39)

and for the transmission case we have

γm = log
yT

ym

(3.40)

Λ =
1

2
diag{y1, y2, . . . , yM} , (3.41)

where P is the forward projection matrix, yT is the photon dosage per ray in the

transmission case, and γ plays a role similar to y in (3.3).
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Notice that since (3.37) has the form of (3.3), we can use the multigrid inversion

algorithm decribed in Section 3.2.1 to compute the MAP reconstruction. However,

to do this we must specify the coarse scale forward models, f (q)(·), and the coarse

scale stabalizing functions, S(q)(·).
The fine scale forward model is given by the linear transformation

f(x) = Px . (3.42)

The coarse scale forward model also has the linear form

f (q)(x(q)) = P (q)x(q) , (3.43)

where P (q) is an M (q) ×N (q) coarse scale projection matrix given by

P (q+1) 4
= J

(q+1)
(q) P (q)I

(q)
(q+1) . (3.44)

Note that P (q+1) in (3.44) can be pre-computed and stored since it is independent

of the images.

Although in principle our multigrid inversion framework can work with any choice

of data domain interpolator J
(q)
(q+1) and decimator J

(q+1)
(q) , we need to choose them

carefully to retain computational efficiency. We choose J
(q)
(q+1) so that each row has

only one non-zero element, and thus the resulting coarse scale weight matrix Λ(q)

given by (3.22) is diagonal. For this reason, we interpolate using pixel replication

along both the displacement and angle dimensions of the sinogram data. In other

words, J
(q)
(q+1) interpolates the sinogram data with the 1-D interpolation matrix
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along both the angle and displacement axes. We choose the decimator to have the

adjoint form of the interpolator, giving

J
(q+1)
(q) =

1

2

[

J
(q)
(q+1)

]T
. (3.46)

Note that some other interpolation matrices, including the popular bilinear interpo-

lator, do not preserve the sparsity of weight matrix Λ(q) at coarse scales.

For the image prior model we use the generalized Gaussian Markov random field

(GGMRF) model [76], which is known to effectively enforce smoothness while pre-

serving edges in tomographic reconstruction. In this case, the stabilizing function is

given by

S(x) =
1

pσp

∑

{i,j}∈N
bi−j |xi − xj|p , (3.47)

where σ is a normalization parameter, 1 ≤ p ≤ 2 controls the degree of edge smooth-

ness, the setN consists of all pairs of adjacent pixels, and bi−j is a weight given to the

pair of pixels i and j. We use the corresponding coarse scale stabilizing functions [91]

S(q)(x(q)) =
1

p(σ(q))p

∑

{i,j}∈N
bi−j

∣

∣

∣x
(q)
i − x(q)

j

∣

∣

∣

p
, (3.48)

where σ(q) is given by σ(q) = 2q(1− d
p
) ·σ(0), and d is the dimensionality of the problem.

The gradient terms of the stabilizing function used in (3.17), (3.18), (3.33), and

(3.34) are computed by

∂

∂xn

S(x) =
1

(σ(q))p

∑

j∈Nn

bn−j|x(q)
n − x(q)

j |p−1sgn(x(q)
n − x(q)

j ) . (3.49)

3.4.2 Multigrid tomographic inversion for Poisson data model

In the emission case, the photon count Ym for the mth detector or detector pair

is known to be described by the Poisson distribution (3.24) with mean and variance

fm(x) = Pm,∗x , (3.50)
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where Pm,∗ is the mth row of the matrix P . For this case, the MAP image recon-

struction problem is reduced to minimizing the cost function (3.25) with the Poisson

mean (3.50). We also use the coarse scale projection matrix of (3.44).

A similar method can be used for the transmission case, but with the Poisson

mean given by

fm(x) = yT exp(−Pm,∗x) . (3.51)

We use the coarse scale Poisson mean vector computed by

f (q)
m (x(q)) = yT exp(−P (q)

m,∗x
(q)) (3.52)

where P (q) is once again given by (3.44).

Both emission and transmission cases use the same interpolation/decimation ma-

trices and coarse scale stabilizing functions as described in Sec. 3.4.1.

3.5 Numerical Results

In this section, we compare three algorithms: the proposed multigrid algorithms

with variable data resolution; the multigrid algorithms with fixed data resolution;

and the fixed-grid ICD algorithm [10, 101]. We tested the algorithms for Bayesian

reconstruction in emission and transmission tomography using the modified Shepp-

Logan phantom [107] shown in Fig. 3.3(a). The width and the height of the bounding

rectangle was 20 cm, and the two-dimensional region was discretized with 513× 513

pixels. In the emission case, the brighter regions correspond to higher emission; and

in the transmission case, the brighter regions correspond to higher absorption, with

a peak absorption coefficient of 0.05 cm−1. Projection data was simulated using 180

uniformly spaced angles, each with 512 uniformly spaced projections. The projection

beam was assumed to have a triangular beam profile with a width of two times the

projection spacing. In the emission case the total photon count per projection data

was approximately 1.68× 106 photons. In the transmission case, the dosage yT per

ray was 800 photons. Measurements were simulated as independent Poisson random
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variables. The same data set was used for both the quadratic data term-based

reconstruction and the Poisson model-based reconstruction.

Reconstructions were performed on 513×513 pixels. All three algorithms were ini-

tialized with the convolution backprojection (CBP) reconstructions shown in Fig. 3.3

(b) and (c). The CBP algorithm was implemented for a generalized Hamming re-

construction filter with frequency response H(ω) = Hid(ω)(0.5 + 0.5 cos(πω/ωc)) for

|ω| < ωc, where Hid(ω) is the ideal ramp filter. The cutoff frequency ωc was chosen

to yield minimum image root-mean-square error (RMSE), which was ωc = 0.6π for

transmission tomography and ωc = 0.5π for emission tomography.

Both multigrid algorithms used a three level multigrid-V recursion, and used the

fixed-grid ICD algorithm [10,101] with random-order pixel updates. We chose the ν

parameters in Fig. 3.1(b), which control the number of fixed-grid update iterations

at each scale, adaptively, as described in Sec. 3.3. For fair comparison, we scaled the

iteration number by the theoretical computational complexity. A detailed description

for the conversion can be found in the Appendix C. The CBP computation is not

included in the computational complexity since the CBP initialization is of negligible

cost compared with the ensuing computation.

The image prior model parameters used were an eight point neighborhood GGMRF

with p = 1.2, and bj−k = (2 −
√

2)/4 for nearest neighbors and bj−k = (
√

2 − 1)/4

for diagonal neighbors. We chose the image prior variance parameter to be σ =

0.0025 cm−1 in the transmission case and σ = 0.4 cm−1 in the emission case. These

values were lower than the optimal parameters yielding minimum image RMSE,

but they resulted in qualitatively better reconstructions in spite of a slightly larger

RMSE.

Figures 3.4(a), 3.5(a), 3.6(a), and 3.7(a) compare the convergence speed of the

algorithms in terms of the cost function. For both imaging modalities and both data

likelihood functions, the multigrid algorithm with variable data resolution converged

twice as fast as the multigrid algorithm with fixed data resolution. Importantly,

although the convergence of the fixed grid ICD algorithms in the initial few iterations
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(a) (b)

(c)

Fig. 3.3. (a) true phantom (b) CBP reconstruction for emission to-
mography (c) CBP reconstruction for transmission tomography
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is comparable with that of the multigrid algorithms with fixed data resolution, they

eventually require many more iterations (30 ∼ 50 iterations) to reduce the cost to

the value to which the multigrid algorithms with variable data resolution converged

in 5 ∼ 8 iterations.

Figures 3.4(b), 3.5(b), 3.6(b), and 3.7(b) compare the convergence speed of the

algorithms in terms of RMSE of reconstructed images. For all the cases, the multigrid

algorithm with variable data resolution converged fastest. The fixed-grid algorithm

behaved poorly at the first iteration, and it produced some salt and pepper noise by

overshooting in some image pixel updates. Again, the fixed-grid algorithm required

about 30 ∼ 50 iterations to reduce image RMSE to the value that the multigrid

algorithms converged to in 5 ∼ 8 iterations. Since the convexity of the cost function

excludes the possibility of being trapped into a local minimum, the difference in

convergence speed is probably due to the fact that there are some error components

which the fixed-grid optimization cannot effectively remove.

The convergence plots show that all the algorithms eventually converged to the

same cost and RMSE, which should be a natural consequence of the convex optimiza-

tion function. However, although the cost decrease rate of the multigrid algorithms

and the fixed-grid algorithm are similar for the initial iterations, the RMSE conver-

gence results indicate that they converged following different optimization trajecto-

ries. The trajectory of the multigrid algorithms are perhaps more favorable because

they yielded significantly smaller RMSE image error before full convergence.

Figures 3.8 and 3.9 show the reconstructed images for emission tomography with

the Poisson noise model and the quadratic approximation of data likelihood, re-

spectively, and Figs 3.10 and 3.11 show the reconstructed images for transmission

tomography. For all cases, the final reconstruction quality was quantitatively and

qualitatively almost the same for the three algorithms. However, the fixed-grid al-

gorithm yielded poorer image quality even with twice or four times the computation

that the multigrid methods required to converge. For example, the fixed-grid recon-

struction in Fig. 3.9(b) and (c) with 14 and 28 iterations, respectively, was visually
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worse than the multigrid reconstructions with only 5.31 or 8.06 iterations, which

are shown in Fig. 3.9(e) and (f). The reconstructions by all the statistical methods

improve the image quality compared to the CBP reconstruction. In summary, the

proposed multigrid algorithm significantly saved computations compared with the

fixed-grid ICD algorithm initialized with the CBP reconstruction.

3.6 Conclusions

The multigrid inversion methods with variable resolution data and image spaces

were proposed. In formulating a set of optimization functions at different scales, the

algorithm changes grid resolution of both measurement data space and image space,

and thus improves computational efficiency further than the previous multigrid in-

version methods which changes resolutions in the image space only. Application

to conventional transmission and emission tomography problems demonstrated sub-

stantially reduced computation relative to the fixed-grid ICD algorithm and our

previous multigrid inversion with fixed data resolution.
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Fig. 3.4. Convergence in emission tomography with quadratic data
term in terms of (a) cost function and (b) image rms error
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Fig. 3.5. Convergence in emission tomography with the Poisson noise
model in terms of (a) cost function and (b) image rms error
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Fig. 3.7. Convergence in transmission tomography with the Poisson
noise model in terms of (a) cost function and (b) image rms error
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(a) (b)

(c) (d)

(e) (f)

Fig. 3.8. Reconstructions for emission tomography with quadratic
data term: fixed-grid algorithm with (a) 7 iterations (b) 14 iterations
(c) 28 iterations and (d) 50 iterations; (e) multigrid algorithm with
fixed data resolution (7.79 iterations); and (f) multigrid algorithm
with variable data resolution (5.94 iterations)
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(a) (b)

(c) (d)

(e) (f)

Fig. 3.9. Reconstructions for emission tomography with the Pois-
son noise model: fixed-grid algorithm with (a) 7 iterations (b) 14
iterations (c) 28 iterations and (d) 50 iterations; (e) multigrid algo-
rithm with fixed data resolution (8.06 iterations); and (f) multigrid
algorithm with variable data resolution (5.31 iterations)
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(a) (b)

(c) (d)

(e) (f)

Fig. 3.10. Reconstructions for transmission tomography with
quadratic data term: fixed-grid algorithm with (a) 7 iterations (b) 14
iterations (c) 28 iterations and (d) 50 iterations; (e) multigrid algo-
rithm with fixed data resolution (7.48 iterations); and (f) multigrid
algorithm with variable data resolution (5.81 iterations)
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(c) (d)

(e) (f)

Fig. 3.11. Reconstructions for transmission tomography with the
Poisson noise model: fixed-grid algorithm with (a) 8 iterations (b)
16 iterations (c) 32 iterations and (d) 50 iterations; (e) multigrid al-
gorithm with fixed data resolution (9.06 iterations); and (f) multigrid
algorithm with variable data resolution (6.46 iterations)
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4. SOURCE-DETECTOR CALIBRATION IN

THREE-DIMENSIONAL BAYESIAN OPTICAL

DIFFUSION TOMOGRAPHY

4.1 Introduction

Optical diffusion tomography (ODT) is an imaging modality that has potential

in applications such as medical imaging, environmental sensing, and non-destructive

testing [2]. In this technique, measurements of the light that propagates through a

highly scattering medium are used to reconstruct the absorption and/or the scatter-

ing properties of the medium as a function of position. In highly scattering media

such as tissue, the diffusion approximation to the transport equations is sufficiently

accurate and provides a computationally tractable forward model. However, the

inverse problem of reconstructing the absorption and/or scattering coefficients from

measurements of the scattered light is highly nonlinear. This nonlinear inverse prob-

lem can be very computationally expensive, so methods that reduce the computa-

tional burden are of critical importance [56,63,64,77,108].

Another important issue for practical ODT imaging, that is addressed in this

paper, is accurate modeling of the source and detector coupling coefficients [109].

These coupling coefficients determine weights for sources and detectors in a diffusion

equation model for the scattering domain. The physical source of the source/detector

coupling variability is associated with the optical components external to the scat-

tering domain, for example, the placement of fibers, the variability in switches, etc.

Variations in the coupling coefficients can result in severe, systematic reconstruc-
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tion distortions. In spite of its practical importance, this issue has received little

attention.

Two preprocessing methods have been investigated to correct for source/detector

coupling errors before inversion. Jiang et al. [110,111] calibrated coupling coefficients

and a boundary coefficient by comparing prior measurements of photon flux density

for a homogeneous medium with the corresponding computed values. This scheme

has been applied in clinical studies [112–114]. This method of calibration requires

a set of reference measurements from a homogeneous sample, in addition to the

measurements used to reconstruct the inhomogeneous image. Iftimia et al. [115]

proposed a preprocessing scheme that involved minimization of the mean square error

between the measurements for the given inhomogeneous phantom and the computed

values with an assumed homogeneous medium. However, although this approach

does not require prior homogeneous reference measurements, it neglects the influence

of an inhomogeneous domain when determining the source and detector weights.

In order to reconstruct the image from a single set of measurements from the

domain to be imaged, it is necessary to estimate the coupling coefficients as the

image is reconstructed. For example, Boas et al. [109] proposed a scheme for esti-

mating individual coupling coefficients as part of the reconstruction process. They

simultaneously estimated both absorption and coupling coefficients by formulating a

linear system which consisted of the perturbations of the measurements in a Rytov

approximation and the logarithms of the source and detector coupling coefficients.

No results have been reported for nonlinear reconstruction of both absorption and

diffusion images, and the individual coupling coefficients.

In this paper, we describe an efficient algorithm for estimating individual source

and detector coupling coefficients as part of the reconstruction process for both ab-

sorption and diffusion images. This approach is based on the formulation of our

problem in a unified Bayesian regularization framework containing terms for both

the unknown 3-D optical properties and the coupling coefficients. The resulting cost

function is then jointly minimized to both reconstruct the image and estimate the
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needed coefficients. To perform this minimization, we adapt our iterative coordinate

decent optimization method [77] to include closed form steps for the update of the

coupling coefficient estimates. This unified optimization approach results in an algo-

rithm which can reconstruct images and estimate the coupling coefficients without

the need for prior calibration. In a previous experiment, we used the algorithm to

effectively estimate a single coefficient from a measured 3-D data set [13]. Simulation

results show that our method can substantially improve reconstruction quality even

when there are a large number of severely non-uniform coupling coefficients. Our

approach is applied to a simple phantom experiment.

4.2 Problem Formulation

In a highly scattering medium with low absorption, such as soft tissue in the

650-1300 nm wavelength range, the photon flux density is accurately modeled by the

diffusion equation [116,117]. In frequency domain optical diffusion imaging, the light

source is amplitude modulated at angular frequency ω, and the complex modulation

envelope of the optical flux density is measured at the detectors. The complex

amplitude φk(r) of the modulation envelope due to a point source at position ak

satisfies the frequency domain diffusion equation

∇ · [D(r)∇φk(r)] + [−µa(r)− jω/c]φk(r) = −δ(r − ak), (4.1)

where r is position, c is the speed of light in the medium, D(r) is the diffusion

coefficient, and µa(r) is the absorption coefficient. We consider a region to be imaged

that is surrounded by K point sources at positions ak, for 1 ≤ k ≤ K, and M

detectors at positions bm, for 1 ≤ m ≤ M . The 3-D domain is discretized into N

grid points, denoted by r1, · · · , rN . The unknown image is then represented by a 2N

dimensional column vector x containing the absorption and diffusion coefficients at

each discrete grid point

x = [µa(r1), . . . , µa(rN), D(r1), . . . , D(rN)]t . (4.2)
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We will use the notation φk(r;x) in place of φk(r), in order to emphasize the depen-

dence of the solution to (4.1) on the unknown material properties x.

Let ykm be the complex measurement at detector location bm and using a source

at location ak. This measurement is a sample of a random variable Ykm, which we

will model as a sum of the true signal and Gaussian noise. The datum mean value

of Ykm is given by

E[Ykm|x, sk, dm] = skdmφk(bm;x) , (4.3)

where φk(bm;x) is the solution of (4.1) evaluated at position bm; sk and dm are

complex constants representing the unknown source and detector distortions; and

E[·|x, sk, dm] denotes the conditional expectation given x, sk, and dm. 1

Our objective is to simultaneously estimate the unknown image x together with

the unknown source and detector coupling coefficient vectors s = [s1, s2, . . . , sK ]t and

d = [d1, d2, . . . , dM ]t. The coupling coefficients are different for different sources and

detectors, and are not known a priori. In general, the values of sk and dm will vary in

both amplitude and phase for real physical systems. Typically, amplitude variations

can be caused by different excitation intensities for the sources and different collection

efficiencies for the detectors, and phase variation can be caused by the different

effective positions of the sources and detectors. Without these parameter vectors,

accurate reconstruction of x is not possible.

The measurement vector y is formed by raster ordering the measurements ykm in

the form

y = [y11, . . . , y1M , y21, . . . , y2M , . . . , yKM ]t . (4.4)

The conditional expectation of Y = [Y11, . . . , Y1M , Y21, . . . , Y2M , . . . , YKM ]t is then

given by

E[Y |x, s, d] = diag(s⊗ d)Φ(x) , (4.5)

1We assume that the physical sources and detectors provide an adequate measure of φ, that they do
not perturb the diffusion equation solution, and that they have an equivalent point representation.
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where s ⊗ d is the Kronecker product of s and d, diag(w) is a diagonal matrix

whose (i,i)-th element is equal to the i-th element of the vector w, and Φ(x) is the

corresponding raster order of the values φk(bm;x) given by

Φ(x) = [ φ1(b1;x), φ1(b2;x), . . . , φ1(bM ;x), φ2(b1;x), . . . , φK(bM ;x) ]t . (4.6)

In order to simplify notation, we define the forward model vector f(x, s, d) as

f(x, s, d) = diag(s⊗ d)Φ(x) . (4.7)

We use a shot noise model for the detector noise. [77,78] The shot noise model as-

sumes independent noise measurements that are Gaussian with variance proportional

to the signal amplitude. This results in the following expression for the conditional

density of Y

p(y|x, s, d, α) =
1

(πα)P |Λ|−1
exp

[

−||y − f(x, s, d)||2Λ
α

]

, (4.8)

where P = KM is the number of measurements, α is an unknown parameter that

scales the noise variance, Λ = diag([1/|y11|, . . . , 1/|y1M |, 1/|y21|, . . . , 1/|yKM |]t), and

||w||2Λ = wHΛw.

We determine x, s, d, and α from the measurements y. Because this is an ill-

posed inverse problem, we employ a Bayesian framework to incorporate a prior model

for x, the image [77]. We then maximize the posterior probability of x jointly with

respect to y, s, d, and α. This yields the estimators

(x̂MAP , ŝ, d̂, α̂) = arg max
(x≥0,s,d,α)

{ log p(x|y, s, d, α) }

= arg max
(x≥0,s,d,α)

{ log p(y|x, s, d, α) + log p(x) } , (4.9)

where p(y|x, s, d, α) is the data likelihood, and p(x) is the prior model for the image.

The estimate x̂MAP is essentially the maximum a posteriori (MAP) estimate of the

image, but it is computed by simultaneously optimizing with respect to the unknown

parameters s, d, and α. Quantities such as s, d, and α are sometimes known as

nuisance parameters, because they are not of direct interest, but are required for
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accurate estimation of the desired quantity x. A variety of methods have been

proposed for estimating such parameters. These methods range from true maximum

likelihood estimation using Monte Carlo Markov chain (MCMC) techniques [67,118,

119], to joint MAP estimation of the unknown image and parameters [65, 66]. Our

method is a form of joint MAP estimation, but with a uniform (i.e., improper) prior

distribution for s, d, and α. It is worth noting that such estimators can behave

poorly in certain cases [120]. However, when the number of measurements is large

compared to the dimensionality of the unknowns, as in our case for s, d, and α, these

estimators generally work well.

We use the generalized Gaussian Markov random field (GGMRF) prior model [76]

for the image x,

p(x) = p([µa(r1), µa(r2), . . . , µa(rN)]T ) · p([D(r1), D(r2), . . . , D(rN)]T )

=


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(4.10)

where σ0 and σ1 are normalization parameters for µa and D, respectively, and 1 ≤
p0 ≤ 2 and 1 ≤ p1 ≤ 2 control the degree of edge smoothness for µa and D,

respectively. The set N consists of all pairs of adjacent grid points, z(p0) and z(p0)

are normalization constants, and b0,i−j and b1,i−j represent the coefficients assigned

to neighbors i and j for µa andD, respectively. This prior model enforces smoothness

in the solution while preserving sharp edge transitions, and its effectiveness for this

kind of problem has been shown previously [77].
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4.3 Optimization

Let c(x, s, d, α) denote the cost function to be minimized in (4.9). Then using

the models of (4.8) and (4.10) and removing constant terms results in

c(x, s, d, α) =
1

α
||y − f(x, s, d)||2Λ

+P logα +
1
∑

u=0

1

puσu
pu

∑

{i,j}∈N
bu,i−j|xuN+i − xuN+j|pu . (4.11)

The objective is then to compute

(x̂MAP , ŝ, d̂, α̂) = arg min
(x≥0,s,d,α)

c(x, s, d, α) . (4.12)

To solve this problem, we adapt the iterative coordinate decent (ICD) method [77].

The ICD method works by sequentially updating parameters of the optimization, so

that each update monotonically reduces the cost function. Previous implementations

of ICD sequentially updated pixels in the vector x. Here we generalize the ICD

method so that the parameters s, d, and α are also included in the sequence of

updates. More specifically, in each iteration of the ICD algorithm, s, d, α, and x are

updated sequentially using the relations

α̂ ← arg min
α

c(x̂, ŝ, d̂, α) (4.13)

ŝ ← arg min
s

c(x̂, s, d̂, α̂) (4.14)

d̂ ← arg min
d

c(x̂, ŝ, d, α̂) (4.15)

x̂ ← ICD updatex

{

c(x, ŝ, d̂, α̂), x̂
}

(4.16)

where the ICD updatex operation performs one iteration of ICD optimization to

reduce the cost function c(·, ŝ, d̂, α̂) starting at the initial value x̂. The result of

ICD updatex is then used to update the value of x̂. Iterative application of these

update equations produces a convergent sequence of deceasing costs.

The updates of (4.13), (4.14), and (4.15) can be calculated in closed form by

setting the partial derivative with respect to each variable to zero and solving the

resulting equations to yield

α̂ ← 1

P
|| y − f(x̂, ŝ, d̂) ||2Λ (4.17)
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ŝk ←
[ diag(d̂) Φ

(s)
k (x̂) ]HΛ

(s)
k y

|| diag(d̂) Φ
(s)
k (x̂) ||2

Λ
(s)
k

k = 1, 2, . . . , K (4.18)

d̂m ← [ diag(ŝ) Φ(d)
m (x̂) ]HΛ(d)

m y

|| diag(ŝ) Φ
(d)
m (x̂) ||2

Λ
(d)
m

m = 1, 2, . . . ,M, (4.19)

where Λ
(s)
k = diag( [ 1/|yk1|, 1/|yk2|, . . . , 1/|ykM | ]t ) and Λ(d)

m = diag( [ 1/|y1m|, 1/|y2m|,
. . . , 1/|yKm| ]t ) are the inverse diagonal covariance matrices associated with source

k and detector m, respectively, Φ
(s)
k (x̂) = [ φk(b1; x̂), φk(b2; x̂), . . . , φk(bM ; x̂) ]t and

Φ(d)
m (x̂) = [ φ1(bm; x̂), φ2(bm; x̂), . . . , φK(bm; x̂) ]t are the complex amplitude vectors

associated with source k and detector m, respectively, and H denotes the Hermitian

transpose.

The update of the variable x in (4.16) is of course more difficult since x is a high

dimensional vector, particularly in the 3-D case. To update the image, we use one

scan of the ICD algorithm as an ICD updatex operation. One ICD scan involves

sequentially updating each element of x with random ordering, and incorporation

of the updated elements as the scan progresses. During this scan each element of

x is updated only once. At the beginning of an ICD scan, the nonlinear functional

f(x, s, d) is first expressed using a Taylor expansion as

||y − f(x, s, d)||2Λ ' ||y − f(x̂, ŝ, d̂)− f ′(x̂, ŝ, d̂)∆x||2Λ , (4.20)

where ∆x = x− x̂, and f ′(x̂, ŝ, d̂) represents the Fréchet derivative of f(x, ŝ, d̂) with

respect to x at x = x̂. Using (4.20), an approximate cost function for the original

problem is

c(x, ŝ, d̂, α̂) ' 1

α̂
||z − f ′(x̂, ŝ, d̂)x||2Λ +

1
∑

u=0

1

puσu
pu

∑

{i,j}∈N
bu,i−j|xuN+i − xuN+j|pu

(4.21)

where

z = y − f(x̂, ŝ, d̂) + f ′(x̂, ŝ, d̂)x̂ . (4.22)

Then, with the other image elements fixed, the ICD update for x̂uN+i is given by

x̂uN+i ← arg min
xuN+i≥0

{

1

α̂

∣

∣

∣

∣

∣

∣

∣

∣

y − f(x̂, ŝ, d̂)−
[

f ′(x̂, ŝ, d̂)
]

∗(uN+i)
(xuN+i − x̂uN+i)

∣

∣

∣

∣

∣

∣

∣

∣

2

Λ
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+
1

puσpu

∑

j∈Ni

bu,i−j|xuN+i − x̂uN+j|pu

}

, (4.23)

where [f ′(x̂, ŝ, d̂)]∗(uN+i) is the (uN+i)-th column of Fréchet matrix, andNi is the set

of grid points neighboring grid point i. To compute the solution to (4.23), we express

the first term as a quadratic function of xuN+i and then perform a one-dimensional

minimization that is solved by a half-interval search for the root of the analytical

derivative [77].

The Fréchet derivative f ′(x̂, ŝ, d̂) is a P × 2N complex matrix given by

f ′(x̂, ŝ, d̂)

=











































∂f11(x̂,ŝ1,d̂1)
∂µa(r1)

· · · ∂f11(x̂,ŝ1,d̂1)
∂µa(rN )

∂f11(x̂,ŝ1,d̂1)
∂D(r1)

· · · ∂f11(x̂,ŝ1,d̂1)
∂D(rN )

∂f12(x̂,ŝ1,d̂2)
∂µa(r1)

· · · ∂f12(x̂,ŝ1,d̂2)
∂µa(rN )

∂f12(x̂,ŝ1,d̂2)
∂D(r1)

· · · ∂f12(x̂,ŝ1,d̂2)
∂D(rN )

...
. . .

...
...

. . .
...

∂f1M (x̂,ŝ1,d̂M )
∂µa(r1)

· · · ∂f1M (x̂,ŝ1,d̂M )
∂µa(rN )

∂f1M (x̂,ŝ1,d̂M )
∂D(r1)

· · · ∂f1M (x̂,ŝ1,d̂M )
∂D(rN )

∂f21(x̂,ŝ2,d̂1)
∂µa(r1)

· · · ∂f21(x̂,ŝ2,d̂1)
∂µa(rN )

∂f21(x̂,ŝ2,d̂1)
∂D(r1)

· · · ∂f21(x̂,ŝ2,d̂1)
∂D(rN )

...
. . .

...
...

. . .
...

∂fKM (x̂,ŝK ,d̂M )
∂µa(r1)

· · · ∂fKM (x̂,ŝK ,d̂M )
∂µa(rN )

∂fKM (x̂,ŝK ,d̂M )
∂D(r1)

· · · ∂fKM (x̂,ŝK ,d̂M )
∂D(rN )











































,

(4.24)

where the first N columns correspond to the µa components of x and the remaining

N columns correspond to the D components. In a similar manner to the Fréchet

derivative commonly used for unity coupling coefficients [121], it can be shown that

each element of the matrix is given by

∂fkm(x̂, ŝk, d̂m)

∂µa(ri)
= −ŝkd̂mg(bm, ri; x̂)φk(ri; x̂)A (4.25)

∂fkm(x̂, ŝk, d̂m)

∂D(ri)
= −ŝkd̂m∇g(bm, ri; x̂) · ∇φk(ri; x̂)A , (4.26)

where A is the voxel volume, the Green’s function g(bm, ri; x̂) is the solution of (4.1)

for a point source located at bm (i.e., by setting ak ← bm in (4.1), using reciprocity

to reduce computation [121]) and a given image x̂, ∇ is the gradient operator with
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respect to ri, and domain discretization errors are ignored. Note that the Fréchet

derivative is the product of the coupling coefficient terms ŝkd̂m and the derivative

of φk(bm; x̂) with respect to the optical parameter at that grid point. Thus, if the

coupling coefficients are not accurately estimated, the formulas (4.25) and (4.26) do

not yield accurate Fréchet derivatives, and thus the computed gradient direction of

the cost function in (4.12) is not accurate. Therefore, accurate estimation of the

coupling coefficients is essential for the ICD-Born iteration scheme.

The dimensions of the Fréchet derivative matrix are very large for practical 3-D

imaging. For example, (KM × 2N × 8) = 790 MBytes of memory are needed to

store the Fréchet derivative matrix for 30 sources, 48 detectors and a 33× 33× 33

grid point image, if 4 bytes are used for a real number. However, the storage can be

reduced by exploiting two facts. First, only the (uN + i)-th column of the Fréchet

derivative matrix is needed to update xuN+i, as seen in (4.23). Second, the Fréchet

derivative in (4.25) and (4.26) is separable into the φk(ri; x̂) term and the g(bm, ri; x̂)

term. Thus, we compute only φk( · ; x̂) for k = 1, 2, . . . , K and g(bm, · ; x̂) for m =

1, 2, . . . ,M before the ICD update of the whole image, and then when xi is updated

the i-th column of the Fréchet derivative is computed using these vectors. This

method, which involves storing the forward solutions for all sources, the Green’s

function for all detectors, and only one column of the Fréchet derivative matrix,

reduces the required memory to (KN + MN + KM) × 8 bytes without requiring

additional computation. In the above example, the required memory is then only

22 MBytes. Note that this implementation differs from the work of Ye, et al. [56,

77], where they did not need consider this storage issue because they dealt with a

two-dimensional problem. The whole optimization procedure is summarized in the

pseudo-code of Fig. 4.1.
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main {
1. Initialize x̂ with a background absorption and diffusion coefficient estimate.

2. Repeat until converged: {
(a) α̂← 1

P
|| y − f(x̂, ŝ, d̂) ||2Λ Eq.(4.17)

(b) ŝk ←
[ diag(d̂) Φ

(s)
k (x̂) ]HΛ

(s)
k y

|| diag(d̂) Φ
(s)
k (x̂) ||2

Λ
(s)
k

k = 1, 2, . . . ,K Eq.(4.18)

(c) d̂m ←
[ diag(ŝ) Φ

(d)
m (x̂) ]HΛ

(d)
m y

|| diag(ŝ) Φ
(d)
m (x̂) ||2

Λ
(d)
m

m = 1, 2, . . . ,M Eq.(4.19)

(d) x̂← ICD updatex

{

c(x, ŝ, d̂, α̂), x̂
}

Eq.(4.16)
}}

(a)

ICD updatex

{

c(x, ŝ, d̂, α̂), x̂
}

{
1. Compute φk( · ; x̂), k = 1, 2, · · · ,K and g(bm, · ; x̂), m = 1, 2, · · · ,M .

2. For u = 0, 1,

For i = 1, . . . , N (in random order), {
(a) Compute [f ′(x̂, ŝ, d̂)]∗(uN+i) with (4.24)-(4.26).

(b) Update xuN+i, as described by Ye, et al. [77]

x̂uN+i ← arg min
xuN+i≥0

{

1

α̂

∣

∣

∣

∣

∣

∣y − f(x̂, ŝ, d̂)− [f ′(x̂, ŝ, d̂)]∗(uN+i) (xuN+i − x̂uN+i)
∣

∣

∣

∣

∣

∣

2

Λ

+
1

puσpu

∑

j∈Ni

bu,i−j |xuN+i − x̂uN+j |pu

}

Eq.(4.23)

}
3. Return x̂.

}

(b)

Fig. 4.1. Pseudo-code specification for (a) the overall optimization
procedure and (b) the image update by one ICD scan.
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4.4 Results

4.4.1 Simulation

The performance of the algorithm described above was investigated by simula-

tion using cubic tissue phantoms of dimension 8 × 8 × 8 cm on an edge and with

background D = 0.03 cm and µa = 0.02 cm−1. Two phantoms were used. Phantom

A has two spherical µa inhomogeneities with diameters of 2.25 cm and 2.75 cm and

central values of 0.070 cm−1 that decay smoothly as a fourth order polynomial to the

background value, and two spherical D inhomogeneities with diameters of 2.25 cm

and a central value of 0.01 cm that increase smoothly to the background value as a

fourth order polynomial. Phantom A is shown as an isosurface plot in Fig. 4.2(a,b),

and as gray scale plots of cross-sections in Fig. 4.3(a,b). Phantom B has a high

absorption inhomogeneity with a peak value of µa = 0.07 cm−1 near one face of the

cube and a low diffusion inhomogeneity near the center with a diameter of 2.75 cm

and a central value of 0.01 cm that increases smoothly as a fourth order polynomial

to the background value, as shown in Fig. 4.4(a,b) and Fig. 4.5(a,b). Phantom B was

used to assess whether an absorber close to a set of sources and detectors is difficult

to reconstruct, since its effect might be compensated for by reduced source and de-

tector coupling coefficients. Five sources, with a modulation frequency of 100 MHz,

and eight detectors are located on each face (Fig. 4.6a), yieldingK = 30 andM = 48.

Shot noise was added to the data, and the average signal-to-noise ratio for sources

and detectors on opposite faces was 33 dB. The complex source/detector coupling

coefficients (a total of 78 parameters) were generated with a Gaussian distribution

centered at 1 + 0i and having a standard deviation of σcoeff√
2

(1 + i), with σcoeff = 0.5

(Fig. 4.7a). The domain was discretized onto 33 × 33 × 33 grid points, and the

forward model (4.1) solved using finite differences. Referring to Fig. 4.6(b), a zero-

flux (φ = 0) boundary condition on the outer boundary provides the approximate

boundary condition on the physical boundary [77, 78]. The sources and detectors

were placed 0.6 grid points in from the zero-flux boundary, achieved through appro-
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priate weighting of the nearest grid points. Only nodes within the imaging boundary

were updated, which excludes the three outermost layers of grid points, to avoid sin-

gularities near the sources and detectors. The optimization was initialized using the

homogeneous values D = 0.03 cm and µa = 0.02 cm−1. The image prior model used

p0 = 2.0, σ0 = 0.01 cm−1, p1 = 2.0, and σ1 = 0.004 cm.

Reconstructions of µa and D after 30 iterations are shown in Fig. 4.2(c,d) and

Fig. 4.3(c,d), for Phantom A, and in Fig. 4.4(c,d) and Fig. 4.5(c,d) for Phantom

B. The corresponding images reconstructed with the correct values of coupling co-

efficients are shown for comparison in Fig. 4.2(e,f), Fig. 4.3(e,f), Fig. 4.4(e,f), and

Fig. 4.5(e,f). Our algorithm reconstructs images quite similar to those reconstructed

when the true values of the coupling coefficients are used. The corresponding images

reconstructed with all coupling coefficients set to 1 + 0i are shown in Fig. 4.2(g,h),

Fig. 4.4(g,h), Fig. 4.3(g,h) and Fig. 4.5(g,h). These show that poor reconstructions

are obtained if the source and detector coupling is not accounted for in the recon-

struction process. This is due to the effectively incorrect forward model and hence

incorrect Fréchet derivatives. In fact, for the large range of source and detector

coupling coefficients used in these examples, the images reconstructed without cal-

ibration differ little from the initial starting point of the optimization, when the

coupling coefficients are fixed at 1 + 0i. The convergence of the normalized root

mean square error (NRMSE) between the phantoms and the reconstructed images

is shown in Fig. 4.8. The NRMSE is defined by

NRMSE =

[

1

2

1
∑

u=0

∑

ri∈R |x̂uN+i − xuN+i|2
∑

ri∈R |xuN+i|2
]1/2

, (4.27)

where R is the set of the updated grid points within the imaging boundary (shown

in Fig. 4.6(b)), x̂uN+i is the reconstructed value of (uN + i)-th image element, and

xuN+i is the correct value. The NRMSE obtained with the reconstruction incorpo-

rating calibration is similar to that obtained when the correct coupling coefficients

are used. However, if calibration is not used, there is little decrease in the NRMSE

from the starting value.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 4.2. Isosurface plots (at 0.04 cm−1 for µa, and 0.02 cm for D)
for µa (left column) and D (right column) for Phantom A: (a,b)
original tissue phantom, (c,d) reconstructions with source-detector
calibration, (e,f) reconstructions using the correct weights, (g,h) re-
constructions without calibration.
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Fig. 4.3. Cross-sections through the centers of the inhomogeneities
(z=0.5 cm for µa, z=1.5 cm for D) for µa (left column) and D (right
column) of Phantom A: (a,b) original tissue phantom, (c,d) recon-
structions with source-detector calibration, (e,f) reconstructions us-
ing the correct weights, (g,h) reconstructions without calibration.



81

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 4.4. Isosurface plots (at 0.04 cm−1 for µa, and 0.02 cm for D)
for µa (left column) and D (right column) for Phantom B: (a,b)
original tissue phantom, (c,d) reconstructions with source-detector
calibration, (e,f) reconstructions using the correct weights, (g,h) re-
constructions without calibration.
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Fig. 4.5. Cross-sections through the centers of the inhomogeneities
(z=0.0 cm for µa, z=0.25 cm for D) for µa (left column) and D
(right column) of Phantom B: (a,b) original tissue phantom, (c,d) re-
constructions with source-detector calibration, (e,f) reconstructions
using the correct weights, (g,h) reconstructions without calibration.
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: source
: detector

(a)

zero-flux boundary
physical boundary
source-detector boundary
imaging boundary

(b)

Fig. 4.6. (a) Locations of sources and detectors, (b) Several levels of
boundaries: zero-flux boundary, physical boundary, source-detector
boundary, and imaging boundary, from the outer boundary.
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Fig. 4.7. (a) Source/detector coupling coefficients used in the simula-
tions. The estimation error of coupling coefficients for (b) Phantom
A and (c) Phantom B after 30 iterations. Note that the scale of (b)
and (c) is 10 times of that of (a).
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Fig. 4.8. The normalized root mean square error between the phan-
tom and the reconstructed images for (a) Phantom A and (b) Phan-
tom B.
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Fig. 4.9. (a) RMS error in the estimated coupling coefficients versus
iteration. (b) Convergence of coupling coefficients for Group 1 (—)
and Group 2 (- - -) for Phantom B.
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The accuracy of the estimated coupling coefficients is shown in Fig. 4.7(b,c),

where the differences between the true coupling coefficients and those estimated after

30 iterations is given. The NRMSE error after 30 iterations is 0.011 for Phantom A

and 0.017 for Phantom B, which are only 2% and 3% of the standard deviation of the

coupling coefficients, respectively, indicating accurate recovery. Figure 4.9 shows the

variation of the NRMSE error between the estimated and true coupling coefficients

versus iteration, showing good convergence in only a few iterations. The results

therefore indicate that our algorithm reconstructs accurate images without prior

calibration by the estimation of the coupling coefficients in an efficient optimization

scheme.

For Phantom B, the absorber close to one source-detector plane is reconstructed

quite accurately and is not distorted by the variable coupling coefficients of the

sources and detectors. Some small spikes of low µa appear in the neighborhood of

some of the sources and detectors (Fig. 4.5(b)), as noted previously [109], but the

effect is quite small. However, the final NRMSE is somewhat larger for Phantom B

than for Phantom A (Fig. 4.8), and the real part of some of the coupling coefficients

is underestimated (Fig. 4.7(c)). We categorize the sources and detectors on the

side nearest the absorber as Group 1, and the remainder as Group 2. Most of the

underestimated coefficients are those for sources and detectors on the face close to

the absorber. The estimation error for these coupling coefficients (Group 1) is larger

than the remaining sources and detectors (Fig. 4.9(b)). Therefore, because the light

transmitted through the absorber is highly attenuated, it is partially compensated

for by reduced estimated coupling coefficients. As noted above, however, the effect

is quite small.

In order to study the effect of the variability of the coupling coefficients, recon-

structions were performed for Phantom A for different standard deviations of the

(real and imaginary parts of the) coupling coefficients, σcoeff . The coupling coeffi-

cients were generated with a Gaussian distribution centered at 1 + 0i and having

σcoeff√
2

(1 + i), and images are the reconstructed results after 30 iterations of our algo-
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Fig. 4.10. Image NRMSE comparison between the reconstruction
with coupling coefficient calibration and the reconstruction with cou-
pling coefficients fixed to 1 + 0i, for various standard deviations of
coupling coefficients. Images were obtained after 30 iterations.

rithm. The image NRMSE is compared for various standard derivations in Fig. 4.10.

Estimating the calibration coefficients reduces the NRMSE, as expected. The er-

ror without calibration did not increase beyond about 0.28 with increasing σcoeff , as

this value for the image NRMSE corresponds to the initial value with the correct

background parameters and indicates that an image is not recovered. To establish

the gradual deterioration of the image with source-detector coupling coefficients that

are not accounted for in the reconstruction, Fig. 4.11(a,b) shows the image obtained

with for σcoeff = 0.02 and Fig. 4.11(c,d) that for σcoeff = 0.04, as compared with

the true images in Fig. 4.3(a,b). This result indicates that accurate estimation of

the coupling coefficients is crucial for determining accurate images. The σcoeff will

obviously be a function of the specific experimental arrangement. Figure 4.10 serves

as an illustration of the impact of variations in the source-detector coupling. While

some experimental arrangements may have (approximately) a single, scalar source-

detector weight [13], it is still important to determine this value.
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Fig. 4.11. Cross-sections of the reconstructed images through the
centers of the inhomogeneities (z=0.5 cm for µa, z=1.5 cm for D) :
for σcoeff = 0.02 for (a) µa and (b) D, and for σcoeff = 0.04 for (c) µa

and (d) D.
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We have established that multi-resolution techniques such as multigrid achieve

more reliable convergence of the cost function while dramatically reducing the com-

putation time in two-dimensional optical diffusion tomography. [56] The approach

presented for extracting the source-detector weights as part of the image reconstruc-

tion in a Bayesian framework could be extended to multi-resolution approaches.

We investigated a simple multi-resolution approach by using a coarse grid solution

(17×17×17) to initialize a fine grid solution (33×33×33). Better convergence was

achieved using this simple two-grid approach with various initial conditions consist-

ing of uniform D and µa differing from the true background by as much as a factor

of three. This performance improvement occurs both with known and estimated

source-detector weights. Also, we noticed that in some cases with a fixed, fine grid,

the cost function with variable source-detector weights was slightly larger than that

with the true weights set. While the images in these cases were still excellent, the

additional degrees of freedom should have resulted in a smaller value of the cost

function. Using the multi-resolution approach, this was indeed the case, providing

further evidence of the robustness of our approach. We emphasize that the algorithm

we present for extraction of the source-detector weights in a Bayesian framework was

consistently effective, regardless of the particular iterative reconstruction approach.

4.4.2 Experiment

The effectiveness of our source-detector calibration approach was evaluated for

measurements made on an optically clear culture flask containing a black plastic

cylinder embedded in a turbid suspension (Fig. 4.12(a)). The plastic cylinder was

embedded in a 0.5% concentration Intralipid solution. The data was collected with

an inexpensive apparatus comprised of an infrared LED operating at 890 nm and a

silicon p-i-n photodiode, as schematically depicted in Fig. 4.12(b). With the source

centrally located, as shown in Fig. 4.12(b), the detector located on the other side

of the flask was mechanically scanned in the same plane as the source, and data
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were taken at 25 symmetrical locations. The flask was rotated, so that the relative

positions of source and detector were reversed, and another set of data taken. This

resulted in a total of two source positions with 25 detector measurements each. The

sources were modulated at 50 MHz. This experimental arrangement is similar to one

we used previously [6, 13], but with two sources instead of one.

For this experiment, each set of 25 measurements used a single detector that was

translated, so we modeled all 25 measurements with a single detector calibration

parameter. In addition, there are two source calibration parameters. Without loss

of generality, however, the two source calibration parameters were assumed to be 1

since, for this experiment, any change in source phase and amplitude can be equiv-

alently accounted for by the detector calibration parameters. Therefore, a total of

two unknown calibration parameters, i.e., two detector calibration parameters, were

estimated.

Inversions were performed for the absorption coefficients and coupling coefficients,

assuming D known. The domain was discretized into 65× 33× 65 grid points. For

computational efficiency, we used a simple multiresolution technique in which 200

coarse grid (33× 17× 33) iterations are followed by 30 fine grid iterations. We used

σ0 = 1.0 cm−1 and p0 = 2.0 for the image prior model.

Figure 4.13 contains reconstructed images of the absorption coefficient in the

measurement plane. Figure 4.13(a) shows the reconstruction obtained using two

complex valued calibration coefficients; Figure 4.13(b) shows the reconstruction ob-

tained when only a single complex calibration coefficient was used (i.e., the two

coefficients were assumed equal); Figure 4.13(c) shows the reconstruction obtained

with a single real valued calibration coefficient; and finally, Figure 4.13(d) assumed

all calibration coefficients to be 1. The reconstruction of Fig. 4.13(a) used the most

accurate model and also produced a reconstruction that appears to be most accu-

rate in shape. Because we used the same type of sources, the difference between

two source calibration coefficients was not significant. Therefore, Fig. 4.13(b) shows

almost the same reconstruction quality as Fig. 4.13(a), but with slightly more arti-
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apparatus used to collect data.
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Fig. 4.13. Cross-sections for reconstructed images of an absorbing
cylinder with (a) two complex valued calibration coefficients, (b) a
single complex calibration coefficient, (c) a single real calibration
coefficient, and (d) all calibration coefficients assumed to be 1.
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facts in the neighborhood of the detector locations. Generally, the elliptical shape

of the reconstruction in Fig. 4.13(c) appears to be the least accurate. Importantly,

Fig. 4.13(d) shows that reconstruction without accurate estimation of the calibration

coefficients was not possible.

4.5 Conclusions

We have formulated the Bayesian optical diffusion tomography with the source-

detector parameter estimation problem and proposed an efficient optimization scheme.

Our algorithm does not require any prior calibration, and it estimates coupling coef-

ficients successfully with only a small amount of additional computation. Simulation

and experimental results show that images can be reconstructed along with the ac-

curate estimation of the coupling coefficients.



LIST OF REFERENCES



95

LIST OF REFERENCES

[1] D. A. Boas, D. H. Brooks, E. L. Miller, C. A. DiMarzio, M. Kilmer, R. J.
Gaudette, and Q. Zhang. Imaging the body with diffuse optical tomography.
IEEE Signal Proc. Magazine, 18(6):57–75, Nov. 2001.

[2] S. R. Arridge. Optical tomography in medical imaging. Inverse Problems,
15:R41–R93, 1999.

[3] J. C. Hebden, S. R. Arridge, and D. T. Delpy. Optical imaging in medicine: I.
experimental techniques. Phys. Med. Biol., 42:825–840, 1997.

[4] S. R. Arridge and J. C. Hebden. Optical imaging in medicine: II. Modelling
and reconstruction. Phys. Med. Biol., 42:825–840, 1997.

[5] G. J. Saulnier, R. S. Blue, J. C. Newell, D. Isaacson, and P. M. Edic. Electrical
impedance tomography. IEEE Signal Proc. Magazine, 18(6):31–43, Nov. 2001.

[6] J. S. Reynolds, A. Przadka, S. Yeung, and K. J. Webb. Optical diffusion
imaging: a comparative numerical and experimental study. Applied Optics,
35(19):3671–3679, July 1996.

[7] E. C. Fear, S. C. Hagness, P. M. Meaney, M. Okoniewski, and M. A. Stuchly.
Enhancing breast tumor detection with near field imaging. IEEE Microwave
Magazine, pages 48–56, March 2002.

[8] R. L. Thomas. Reflections of a thermal wave imager: tow decades of research
in photoacoustics and photothermal phenomena. Analytical Sciences, 17:s1–s4,
April 2001.

[9] R. Pike and P. Sabatier. Scattering: Scattering and Inverse Scattering in Pure
and Applied Science. Academic Press, San Diego, 2002.

[10] K. Sauer and C. A. Bouman. A local update strategy for iterative recon-
struction from projections. IEEE Trans. on Signal Processing, 41(2):534–548,
February 1993.

[11] M. V. Ranganath, A. P. Dhawan, and N. Mullani. A multigrid expecta-
tion maximization reconstruction algorithm for positron emission tomography.
IEEE Trans. on Medical Imaging, 7(4):273–278, Dec. 1988.

[12] T. Pan and A. E. Yagle. Numerical study of multigrid implementations of some
iterative image reconstruction algorithms. IEEE Trans. on Medical Imaging,
10(4):572–588, Dec. 1991.

[13] A. B. Milstein, S. Oh, J. S. Reynolds, K. J. Webb, C. A. Bouman, and R. P.
Millane. Three-dimensional Bayesian optical diffusion tomography using ex-
perimental data. Optics Letters, 27:95–97, January 2002.



96

[14] S. Oh, A. B. Milstein, R. P. Millane, C. A. Bouman, and K. J. Webb. Source-
detector calibration in three-dimensional Bayesian optical diffusion tomogra-
phy. J. Optical Society America A, 19(10):1983–1993, Oct. 2002.

[15] A. B. Milstein, S. Oh, K. J. Webb, C. A. Bouman, Q. Zhang, D. A. Boas, and
R. P. Millane. Fluorescence optical diffusion tomography. Applied Optics, to
appear.

[16] B. Sahiner and A. Yagle. Image reconstruction from projections under wavelet
constraints. IEEE Trans. on Signal Processing, 41(12):3579–3584, 1993.

[17] M. Bhatia, W. C. Karl, and A. S. Willsky. Wavelet-based method for multiscale
tomographic reconstruction. IEEE Trans. on Medical Imaging, 15(1):92–101,
1996.

[18] M. Bhatia, W. C. Karl, and A. S. Willsky. Tomographic reconstruction and
estimation based on multiscale natural -pixel bases. IEEE Trans. on Image
Processing, 6(3):463–478, March 1997.

[19] N. Lee. Wavelet-vaguelette decompositions and homogenous equations. Ph.D.
dissertation, Purdue University, West Lafayette, IN, 1998.

[20] A. Delaney and Y. Bresler. Multiresolution tomographic reconstruction using
wavelets. IEEE Trans. on Image Processing, 4(6):799–813, June 1995.

[21] Z. Wu, G. T. Herman, and J. A. Browne. Edge preserving reconstruction using
adaptive smoothing in wavelet domain. In Proc. of IEEE Nucl. Sci. Symp. and
Med. Imaging Conf., volume 3, pages 1917–1921, San Francisco, CA, October
31 - November 6 1993.

[22] S. S. Saquib, C. A. Bouman, and K. Sauer. A non-homogeneous MRF model
for multiresolution Bayesian estimation. In Proc. of IEEE Int’l Conf. on Image
Proc., volume 2, pages 445–448, Lausanne Switzerland, September 16-19 1996.

[23] R. Nowak and E. D. Kolaczyk. A multiscale MAP estimation method for
Poisson inverse problems. In Proceedings of the 32nd Asilomar Conference on
Signals, Systems & Computers, volume 2, pages 1682–1686, Pacific Grove, CA,
November 1-4 1998.

[24] T. Frese, C. A. Bouman, and K. Sauer. Adaptive wavelet graph model for
Bayesian tomographic reconstruction. IEEE Trans. on Image Processing,
11(7):756–770, July 2002.

[25] E. L. Miller, L. Nicolaides, and A. Mandelis. Nonlinear inverse scattering
methods for thermal wave slice tomography: A wavelet domain approach. J.
Optical Society America A, 15(6):1545–1556, June 1998.

[26] W. Zhu, Y. Wang, Y. Deng, Y. Yao, and R. Barbour. A wavelet-based mul-
tiresolution regularization least squares reconstruction approach for optical
tomography. IEEE Trans. on Medical Imaging, 16(2):210–217, April 1997.

[27] A. Brandt. Multi-level adaptive solutions to boundary value problems. Math-
ematics of Computation, 31(138):333–390, April 1977.



97

[28] U. Trottenberg, C.W. Oosterlee, and A. Schueller. Multigrid. Academic Press,
London, 2000.

[29] W. L. Briggs, V. E. Henson, and S. F. McCormick. A Multigrid Tutorial, 2nd
Ed. Society for Industrial and Applied Mathematics, Philadelphia, 2000.

[30] S. McCormick, editor. Multigrid Methods. Society for Industrial and Applied
Mathematics, Philadelphia, 1987.

[31] W. Hackbusch. Multigrid Methods and Applications. Springer Series in Com-
putational Mathematics. Springer-Verlag, Berlin, 1985.

[32] P. Wesseling. An Introduction to Multigrid Methods. John Wiley & Sons,
Chichester, 1992.

[33] D. Terzopoulos. Image analysis using multigrid relaxation methods. IEEE
Trans. on Pattern Analysis and Machine Intelligence, PAMI-8(2):129–139,
March 1986.

[34] R. Kimmel and I. Yavneh. An algebraic multigrid approach for image analysis.
SIAM Journal of Scientific Computing, 24(4):1218–1231, 2003.

[35] E. Enkelmann. Investigations of multigrid algorithms for the estimation of
optical flow fields in image sequences. Comput. Vision Graphics and Image
Process., 43:150–177, 1988.

[36] E. Memin and P. Perez. Dense estimation and object-based segmentation of
the optical flow with robust techniques. IEEE Trans. on Image Processing,
7(5):703–719, May 1998.
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APPENDIX A

PROOF OF MULTIGRID MONOTONE CONVERGENCE

We begin with two lemmas which give sufficient conditions to guarantee monotone

decrease of the finer grid cost functional in the two-grid algorithm. All lemmas

assume that the functions c̃(q)(·) and c̃(q+1)(·) are continuously differentiable.

Lemma 1: Assume that the following conditions are satisfied for a resolution q ≥ 0:

1. The fixed grid update is monotone at resolutions q and q + 1.

2. A functional η(q+1) : IRN(q+1) → IR, defined by

η(q+1)(x(q+1)) = c(q+1)(x(q+1))− c(q)(x(q) + I
(q)
(q+1)(x

(q+1) − I(q+1)
(q) x(q))) , (A.1)

has a global minimum at x(q+1) = I
(q+1)
(q) x(q), where x(q) is the value resulting

after the initial ν
(q)
1 fixed grid iterations.

3. ν
(q)
1 + ν

(q)
2 ≥ 1.

Then, the two-grid inversion algorithm of Fig. 2.2 is monotone for the functional

c(q)(·).
Proof of Lemma 1:

By the definition of monotonicity, the updated value x̃(q+1) of (2.9) satisfies

c(q+1)(x̃(q+1)) ≤ c(q+1)(I
(q+1)
(q) x(q)) . (A.2)

Applying the definition of η(q+1)( · ) and the second condition, we have

η(q+1)(x̃(q+1)) ≥ η(q+1)(I
(q+1)
(q) x(q))

or equivalently

c(q+1)(x̃(q+1))− c(q)(x(q) + I
(q)
(q+1)(x̃

(q+1) − I(q+1)
(q) x(q))) ≥ c(q+1)(I

(q+1)
(q) x(q))− c(q)(x(q))

(A.3)
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From the inequalities (A.2) and (A.3), it follows that

c(q)(x(q) + I
(q)
(q+1)(x̃

(q+1) − I(q+1)
(q) x(q))) ≤ c(q)(x(q)) . (A.4)

This inequality means that the coarse grid update and its subsequent coarse grid cor-

rection decreases the cost functional c(q)( · ). With the first condition, this guarantees

the inequality in the definition of monotone convergence for c(q)( · ). Furthermore,

by the first and fourth conditions, if ∇c(q)(x(q)) 6= 0, the update at resolution q ei-

ther before or after the coarse grid update strictly decreases c(q)( · ). Therefore, the

two-grid algorithm is monotone under these assumptions.

Lemma 2. (Two-Grid Monotone Convergence)

Assume that the following conditions are satisfied for a resolution q ≥ 0:

1. The fixed grid update is monotone at resolutions q and q + 1.

2. ξ(q+1)( · ) is convex on IRN(q+1)
.

3. The adjustment vector r(q+1) is given by (3.15).

4. ν
(q)
1 + ν

(q)
2 ≥ 1.

Then, the two-grid inversion algorithm of Fig. 2.2 is monotone for the functional

c(q)(·).
Proof of Lemma 2:

It is enough to show that the third and second conditions of this lemma imply the

second condition in Lemma 1. By condition three, we know that

η(q+1)(x(q+1)) = ξ(q+1)(x(q+1)) + vx(q+1) + constant (A.5)

for some row vector v of length N (q+1). In fact, we know that equation (2.15) selects

the vector v so that the gradients of the coarse and fine scale cost functionals are

matched, and therefore

∇η(q+1)(x(q+1))
∣

∣

∣

x(q+1)=I
(q+1)

(q)
x(q)

= 0 . (A.6)

By (A.5) we also know that η(q+1)(·) is a continuously differentiable convex function.

Therefore, we know that η(q+1)(·) must take on its global minimum value at x(q+1) =

I
(q+1)
(q) x(q).
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Proof of Multigrid Monotone Convergence Theorem:

Our proof is by induction. Consider the case when q = Q − 2, then we have the

two-grid case, and the proof is trivial by Lemma 2.

Now consider q < Q−2. By induction, we assume that the Multigrid-V algorithm

applied at resolution q + 1 is monotone for the function c(q+1)(·). This then meets

condition 1 of Lemma 2, since the multigrid algorithm serves as the coarse grid

optimizer in a two-grid algorithm. Therefore, the Multigrid-V algorithm applied at

resolution q is monotone for the function c(q)(·), and the induction is complete.
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APPENDIX B

COMPUTATIONAL COMPLEXITY OF MULTIGRID

INVERSION

In this appendix, we compare the computational cost of the proposed multigrid

inversion algorithm for ODT problems, which is described in Chapter 2, with that

of the fixed-grid ICD algorithm [77]. We use the number of complex multiplications

required for one iteration of the V-cycle algorithm as a measure of computational

complexity.

First, let us consider the computation required for one iteration of

Fixed Grid Update(). Here, we use the analysis from [77]. Assuming F iterations are

used for the linear PDE solver, the computation of Green’s functions of (2.40) and

(2.41) needs 5(K+M)FN0 multiplications, where N0 is the number of grid points in

the PDE domain. Then, we need PN and 5
2
PN multiplications to compute (2.39)

and (2.44), respectively, where N is the updated image size. 1 Thus, the total

computational cost for one iteration of the ICD fixed-grid update is 5(K+M)FN0 +

7
2
PN multiplications.

Now, let us estimate the computation required for one iteration of MultigridV()

which operates at resolutions 0, . . . , Q − 1. For simplicity, we neglect the com-

putational cost required for decimation and interpolation of images and the cor-

rection vector. In other words, we assume that the main computational cost at

resolution q consists of the fixed-grid update on x(q) and the computation of r(q).

To update x(q), one iteration of MultigridV() involves ν (q) = ν
(q)
1 + ν

(q)
2 iterations

of Fixed Grid Update(), which requires [5(K + M)FN
(q)
0 + 7

2
PN (q)]ν(q) multiplica-

1In Section 2.4, we do not update the outermost region to avoid singularity problems, so N and
N0 are different in this case.
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tions. Since N
(q)
0 = 8−qN0 and N (q) = 8−qN in 3-D problems, this is equal to

8−q × [5(K +M)FN0 + 7
2
PN ]ν(q) multiplications.

The correction vector r(q) is computed only once when the inversion proceeds from

resolution q to q + 1. Since g(q+1) is computed in the optimization for the update

of x(q+1), the only additional computation for r(q) is computation of g(q) given by

(2.17). To compute g(q), we first compute the Green’s functions of (2.40) and (2.41)

and then use them to compute Fréchet derivatives by (2.39), which requires 5(K +

M)FN
(q)
0 and PN (q) multiplications, respectively [77]. Then, PN (q) multiplications

are required to evaluate the expression in the braces of (2.17). The resulting total

complexity for computation of r(q) is 8−q × [5(K +M)FN0 + 2PN ] multiplications.

Thus, for resolutions q = 0, . . . , Q − 2, the total complexity of the Multigrid-V

algorithm is 8−q × [{5(K + M)FN0 + 7
2
PN}ν(q) + {5(K + M)FN0 + 2PN}] mul-

tiplications. At the coarsest resolution q = Q − 1, we do not need r(Q−1), so the

complexity is 8−(Q−1) × {5(K + M)FN0 + 7
2
PN}ν(Q−1) multiplications. Therefore,

the total complexity for one Multigrid-V is

Q−2
∑

q=0

[

8−q ×
{{

5(K +M)FN0 +
7

2
PN

}

ν(q) + {5(K +M)FN0 + 2PN}
}]

+8−(Q−1) ×
{

5(K +M)FN0 +
7

2
PN

}

ν(Q−1) , (B.1)

where K is the number of sources, M is the number of detectors, P is the number

of measurements, N0 is the PDE image size, N is the updated image size, F is the

number of iterations required for the linear forward solver, and ν (q) is the number of

iterations of fixed grid update at resolution q.

Table 2.3 lists the estimated number of complex multiplications required for each

iteration of the fixed-grid and Multigrid-V algorithms for typical values of parameters

which we use in the simulations of Section 2.4.2. The values of the parameters are

K = 48, M = 54, P = 2160, N0 = 65× 65× 65, N = 49× 49× 49, and F = 16. We

also provide the experimental computation time. One fixed-grid iteration took 55.5

minutes of user time on a Pentium-III 697 MHz Linux machine, and the complexity

per iteration is 4.56 ∼ 4.96 times larger for the multigrid algorithm. However, one
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multigrid iteration involves many coarser grid iterations, and the simulation results

show that the number of iterations required for the multigrid algorithms to converge

is substantially less than is required using the fixed grid algorithm.
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APPENDIX C

COMPUTATIONAL COMPLEXITY OF MULTIGRID

INVERSION WITH VARIABLE DATA RESOLUTION

In this appendix, we analyze the computational cost of the multigrid inversion al-

gorithms described in Chapter 3. We use the number of multiplications/divisions

(and the number of additional exponentiations in the Poisson transmission case) as

a measure of computational complexity.

For simplicity, we make three assumptions. First, all the data-independent vec-

tors and matrices, such as P , Λ, and a, are precomputed and stored. Second, the

ratio M0/M is approximately constant across resolutions, where M0 is the average

number of nonzero projections associated with each image pixel. Finally, we neglect

the computational cost required for decimation and interpolation. In other words,

we assume that the main computational cost at resolution q consists of the fixed-grid

update on x(q) and the computation of r(q).

The ICD iteration typically has complexity of O(M0N), where N is the number

of pixels. Thus, one ICD iteration at scale q requires only 16−q times the compu-

tations at the finest scale for the variable data resolution case, and 4−q times the

computation at the finest scale for fixed data resolution case. This is also true for

the r(q) computation, which is computed only once when the inversion proceeds from

scale q to q + 1.

Then, in a similar manner to [91], the complexity of one MultigridV iteration is

given by

Q−2
∑

q=0

[

16−q × Compx × ν(q) + Compr

]

+ 16−(Q−1) × Compx × ν(Q−1) (C.1)
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for the variable data resolution case, and

Q−2
∑

q=0

[

4−q × Compx × ν(q) + Compr

]

+ 4−(Q−1) × Compx × ν(Q−1) (C.2)

for fixed data resolution case, where Compx is the complexity for one ICD iteration

at the finest scale, Compr is the complexity for updating r vector at the finest scale,

and ν(q) = ν
(q)
1 + ν

(q)
2 is the number of iterations of fixed grid update at scale q. The

ratio of Compr to Compx is 2
3

for the quadratic cases; 2
5

for the Poisson emission

case; and 1 for the Poisson transmission case, where we conservatively assume that

the exponentiations dominate the complexity. The formulas (C.1) and (C.2) were

used to scale the iteration number in Sec. 3.5.

Figure C.1 compares the theoretical complexity, computed with (C.1) and (C.2),

with a measured experimental complexity in terms of the CPU time. The experimen-

tal complexity is the CPU time divided by the average CPU time of one fixed-grid

ICD iteration. It was measured on a linux machine with an AMD 2.0 GHz Athlon

CPU and 2 GByte memory. The experimental complexity for multigrid algorithms

was consistently a little lower than the theoretical complexity. Interestingly, we found

that the coarse scale ICD iterations took substantially shorter time than the theo-

retical complexity anticipates, which might be an effect of the better cache locality

when solving the small scale problem.
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Fig. C.1. Comparison between the theoretical complexity and the
measure CPU time for the multigrid algorithms with (a) fixed data
resolution and (b) variable data resolution
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APPENDIX D

MULTIGRID INVERSION WITH VARIABLE DATA

RESOLUTION FOR GAUSSIAN DATA WITH NOISE

SCALING PARAMETER ESTIMATION

In this appendix, we describe a multigrid inversion method with variable data reso-

lution, which is applicable for Gaussian noise data with automatic estimation of the

noise scaling parameter. More specifically, the cost function is given by

c(x) = M log ||y − f(x)||2Λ + S(x), (D.1)

as described in Chapter 2. We have found that the cost function with the logarithm

is helpful for robust convergence in nonconvex optimization arising from highly non-

linear inverse problems, such as ODT. However, in such inverse problems, the as-

sumption (3.5) is not generally satisfied. For example, we showed that for the ODT

problem, the discretization error in the forward model evaluation is not negligible

compared to the measurement noise [91]. Thus, applications of the method presented

in Sec. 3.2.1 to highly nonlinear inverse problems can be problematic.

In this section, we present a multigrid inversion algorithm with variable data

resolution for the cost function (D.1). Basically, we apply the method presented

in [91], but considering variable dimensions of y, f(·), and Λ.

We define cost function, with a form analogous to that of (3.4), but with quan-

tities indexed by the scale q and appending an additional linear correction term,

as

c(q)(x(q)) = M log ||y(q) − f (q)(x(q))||2Λ(q) + S(q)(x(q))− r(q)x(q) , (D.2)

where r(q) is a row vector used to adjust the function’s gradient. At the finest scale,

all quantities take on their fine scale values and r(q) = 0, so that c(0)(x(0)) = c(x).
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The forward model f (q)( · ) and the stabilizing function S(q)( · ) can be chosen in the

same manner to Sec. 3.2.1. The quantity y(q) denotes an adjusted measurement

vector at scale q.

We choose a coarse scale cost function which matches the fine cost function, as

described in (3.13), by adjusting y(q+1) and r(q+1) dynamically when proceeding from

scale q to q+ 1, and precomputing Λ(q). First, we make the initial error between the

forward model and measurements at the coarse scale the same as the decimated fine

scale error. The condition can be expressed as

y(q+1) − f (q+1)(I
(q+1)
(q) x(q)) = J

(q+1)
(q)

[

y(q) − f (q)(x(q))
]

(D.3)

at the current value of x(q). This yields the update for y(q+1)

y(q+1) ← J
(q+1)
(q) y(q) −

[

J
(q+1)
(q) f (q)(x(q))− f (q+1)(I

(q+1)
(q) x(q))

]

. (D.4)

Intuitively, the term in the bracket compensates for the forward model mismatch

between resolutions. In a special case when J
(q+1)
(q) = I

(q+1)
(q) , the measurement vector

update (3.26) becomes

y(q+1) ← I
(q+1)
(q) y(q) −

[

I
(q+1)
(q) f (q)(x(q))− f (q+1)(I

(q+1)
(q) x(q))

]

, (D.5)

which is exactly same as the way how the full approximation scheme (FAS) [27, 28]

compensates for equation mismatch between scales.

Second, we choose the coarse scale weight matrix Λ(q)

Λ(q+1) 4
=
[

J
(q)
(q+1)

]T
Λ(q)J

(q)
(q+1) . (D.6)

Note that Λ(q+1) is independent of the image, and thus can be precomputed.

Finally, we use the gradient match condition (3.14). More specifically, the gradi-

ent adjustment factor r(q+1) is computed by (3.16), where g(q) and g(q+1) are given

by

g(q) = − 2M

||y(q) − f (q)(x(q))||2
Λ(q)

(

y(q) − f (q)(x(q))
)T

Λ(q)A(q)

+∇S(q)(x(q)) (D.7)
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g(q+1) = − 2M

||y(q+1) − f (q+1)(x(q+1))||2
Λ(q+1)

(

y(q+1) − f (q+1)(x(q+1))
)T

Λ(q+1)A(q+1)

+∇S(q+1)(I
(q+1)
(q) x(q)), (D.8)

where T is the transpose operator, and A(q) denotes the gradient of the forward

model or Fréchet derivative given by A(q+1) = ∇f (q+1)(x(q+1))
∣

∣

∣

x(q+1)=I
(q+1)

(q)
x(q)

and

A(q) = ∇f (q)(x(q)).

The multigrid recursions with variable data resolution for Gaussian data with

noise scaling parameter estimation is summarized in the pseudocodes in Fig. D.1.

Note that the main difference of this algorithm from that in Fig. 3.1 is that coarse

scale measurement vector is also dynamically adjusted to compensate for the forward

model mismatch.
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main( ) {
Initialize x(0) with a background estimate

r(0) ← 0

y(0) ← y

For q = 1, 2, . . . , Q− 1, compute Λ(q) using (D.6)

Choose number of fixed grid iterations ν
(0)
1 , . . . , ν

(Q−1)
1 and ν

(0)
2 , . . . , ν

(Q−1)
2

Repeat until converged:

x(0) ← MultigridV(q, x(0), c(0)( · ; y(0), r(0)))

}
(a)

x(q) ← MultigridV(q, x(q), y(q), r(q)) {
Repeat ν

(q)
1 times

x(q) ← Fixed Grid Update(x(q), c(q)( · ; y(q), r(q))) //Fine grid update

If q = Q− 1, return x(q) //If coarsest scale, return result

x(q+1) ← I
(q+1)
(q) x(q) //Decimation

Compute y(q+1) using (D.4)

Compute r(q+1) using (3.16), (D.7), and (D.8)

x(q+1) ← MultigridV(q + 1, x(q+1), y(q+1), r(q+1)) //Coarse grid update

x(q) ← x(q) + I
(q)
(q+1)(x

(q+1) − I(q+1)
(q) x(q)) //Coarse grid correction

Repeat ν
(q)
2 times

x(q) ← Fixed Grid Update(x(q), c(q)( · ; y(q), r(q))) //Fine grid update

Return x(q) //Return result

}
(b)

Fig. D.1. Pseudo-code specification of (a) the main routine for multi-
grid inversion and (b) the subroutine for the Multigrid-V inversion
for Gaussian data with unknown noise scaling parameter estimation
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