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ABSTRACT

Wei, Jianing Ph.D., Purdue University, May 2010. Fast Space-varying Convolution
in Stray Light Reduction, Fast Matrix Vector Multiplication Using the Sparse Matrix
Transform, and Activation Detection in FMRI Data Analysis . Major Professor:
Jan P. Allebach, Ilya Pollak, and Charles A. Bouman.

In this dissertation, I will address three interesting problems in the area of im-

age processing: fast space-varying convolution in stray light reduction, fast matrix

vector multiplication using the sparse matrix transform, and activation detection in

functional Magnetic Resonance Imaging (fMRI) data analysis.

In the first topic, we study the problem of space-varying convolution which often

arises in the modeling or restoration of images captured by optical imaging systems.

Specifically, in the application of stray light reduction, where the stray light point

spread function varies across the field of view, accurate restoration requires the use of

space-varying convolution. While space-invariant convolution can be efficiently imple-

mented with the Fast Fourier Transform (FFT), space-varying convolution requires

direct implementation of the convolution operation, which can be very computation-

ally expensive when the convolution kernel is large.

In this work, we developed two general approaches for the efficient implementation

of space-varying convolution through the use of piecewise isoplanatic approximation

and matrix source coding techniques. In the piecewise isoplanatic approximation ap-

proach, we partition the image into isoplanatic patches based on vector quantization,

and use a piecewise isoplanatic model to approximate the fully space-varying model.

Then the space-varying convolution can be efficiently computed by using FFT to

compute space-invariant convolution of each patch and adding all pieces together.

In the matrix source coding approach, we dramatically reduce computation by ap-

proximately factoring the dense space-varying convolution operator into a product of
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sparse transforms. This approach leads to a trade-off between the accuracy and speed

of the operation. The experimental results show that our algorithms can achieve a

dramatic reduction in computation while achieving high accuracy.

In the second topic, we aim at developing a fast algorithm for computing matrix-

vector products which are often required to solve problems in linear systems. If the

matrix size is P × P and is dense, then the complexity for computing this matrix-

vector product is generally O(P 2). So as the dimension P goes up, the computation

and storage required can increase dramatically, in some cases making the operation

infeasible to compute. When the matrix is Toeplitz, the product can be efficiently

computed in O(P log P ) by using the fast Fourier transform (FFT). However, in the

general problems the matrix is not Toeplitz, which makes the computation difficult.

In this work, we adopt the concept of the recently introduced sparse matrix trans-

form (SMT) and propose an algorithm to approximately decompose the matrix into

the product of a series of sparse matrices and a diagonal matrix. In fact, we show

that this decomposition forms an approximate singular value decomposition of a ma-

trix. With our decomposition, the matrix-vector product can be computed with order

O(P ). Our approach is analogous to the way in which an FFT can be used for fast

convolution; but importantly, the proposed SMT decomposition can be applied to

matrices that represent space or time-varying operations.

We test the effectiveness of our algorithm on a space-varying convolution example.

The particular application we consider is stray-light reduction in digital cameras,

which requires the convolution of each new image with a large space-varying stray

light point spread function (PSF). We demonstrate that our proposed method can

dramatically reduce the computation required to accurately compute the required

convolution of an image with the space-varying PSF.

In the third topic, we study the problem of fMRI activation detection, which is

to detect which region of the brain is activated when the subject is presented with a

specific stimulus. FMRI data is subject to severe noise and some extent of blur. So
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recovering the signal and successfully identifying the activated voxels are challenging

inverse problems.

We propose a new model for event-related fMRI which explicitly incorporates

the spatial correlation introduced by the scanner, and develop a new set of tools

for activation detection. We propose simple, efficient algorithms to estimate model

parameters. We develop an activation detection algorithm which consists of two parts:

image restoration and maximum a posteriori (MAP) estimation. During the image

restoration stage, a total-variation (TV) based approach is employed to restore each

data slice, for each time index. At the MAP estimation stage, we estimate parameters

of a parametric hemodynamic response function (HRF) model for each pixel from the

restored data. We employ the generalized Gaussian Markov random field (GGMRF)

model to enforce spatial regularity when we compute the MAP estimate of the HRF

parameters. We then threshold the amplitude parameter map to obtain the final

activation map. Through comparison with the widely used general linear model

method, in synthetic and real data experiments, we demonstrate the promise and

advantage of our algorithm.
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1. FAST SPACE-VARYING CONVOLUTION IN STRAY

LIGHT REDUCTION

1.1 Introduction

Space-varying convolution often arises in the modeling or restoration of images

captured by optical imaging systems. This is due to the fact that the point spread

function (PSF) and/or distortion introduced by a lens typically varies across the field

of view [1], so accurate restoration also requires the use of space-varying convolution.

In this work, we will consider the problem of stray light reduction in digital pho-

tography. In all optical imaging systems, a small portion of the entering light flux is

misdirected to undesired locations in the image plane. Possible causes for this phe-

nomena include but are not limited to: (1) Inter-reflections between optical-element

surfaces; (2) scattering from surface imperfections on lens elements; (3) scattering

from air bubbles within lens elements; (4) scattering from dust or other particles; (5)

diffraction at aperture edges; (6) lens aberrations. The portion due mainly to scat-

tering and undesired reflections is stray light, or lens flare, or veiling glare [2]. Stray

light degrades both the image contrast and the color accuracy [3]. The extent of stray

light contamination mainly depends on the quality of the lens or in general the camera

optical imaging system, the nature of the subject and its surroundings [2]. Stray light

due to a strong light source outside the field of view can be efficiently reduced by a

lens hood, which shields the lens from glare sources, such as the sun [2]. However,

it is difficult to treat the stray light which arises from high luminance areas within

the field of view. For example, in photography, back-lighted scenes such as portraits

that contain a darker foreground object suffer from poor contrast and reduced detail

of the foreground object. Contrast stretching is a traditional approach to reduce the
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impact of stray light subjectively. However, it does not correct the underlying flaw

of the image and sometimes introduces additional errors.

We solve this problem with a point spread function (PSF) model based approach

following [3–7]. Because the optical characteristics of lenses vary across the image

field [8], and scattering varies with the incidence angle [9], the stray light PSF must

necessarily vary to some degree with the location across the image field. We therefore

adopt a space-varying PSF model [6] for the imaging system, estimate the model pa-

rameters, and then use a deconvolution algorithm to invert this model. This frame-

work is proved to be effective by both synthetic data results [3] and real data re-

sults [6, 7]. Compared to contrast stretching, this method is a systematic way of

removing the contamination. Another feature of the stray light PSF is that it has

a big 2D support. That is because unlike diffraction and aberration, scattering mis-

directs light to further locations on the image plane, and its distribution has heavy

tails. In addition, in optical imaging systems, illumination at off-axis image points

is usually lower than image points on the optical axis. This is usually referred to as

shading. Shading can be described by a cosine fourth law [1]. So we incorporate this

shading effect inherent in any digital camera optical system into our forward model.

Our forward model can be written in matrix form as

y = Ax, (1.1)

where x is a P×1 vector representing the ideal image to be restored, y is a P×1 vector

representing the captured image, A is a P ×P matrix representing our digital camera

imaging system model which incorporates stray light, diffraction and aberration, and

shading, and P is the size of the image in pixels. Thus inverting the forward model,

i.e. deconvolution, corrects both the stray light and the shading in digital images.

We use Van Cittert’s method [10] as a deconvolution algorithm following [5–7]. Van

Cittert’s method is an iterative restoration algorithm which can be described as

x̂(k+1) = x̂(k) + y − Ax̂(k), (1.2)
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where x̂(k) represents the restored image at the kth iteration. However, due to the large

support of the stray light PSF, matrix A is a dense matrix. If A implements space-

invariant convolution, i.e. A is a Toeplitz matrix, then Ax̂(k) can be computed with

order O(P log(P )) using FFT. However, in this case, A implements space-varying

convolution. So we need P 2 multiplies to compute Ax̂(k), which takes tremendous

amount of time for large images. For example, for a 6 million pixel image, we need

3.6 × 1012 multiplies to get the result. This expensive computation makes the stray

light reduction algorithm not feasible for real digital camera architecture.

In this dissertation, we propose two algorithms to achieve a significant speed up of

space-varying convolution with only a small amount of error. In our first algorithm,

We approximate the fully space-varying model with a piecewise isoplanatic model as

discussed in [11, 12], and compute the convolution of each patch of the input image

with its corresponding PSF, which can be implemented using fast Fourier transform

(FFT). The final approximation is obtained by superimposing the convolution results

from each patch together. However, the issue of how to find a good 2D partition and

the convolution kernel for each patch was not fully addressed in [11,12]. We propose

a locally optimal way to determine the isoplanatic patches and corresponding convo-

lution kernels based on vector quantization. This technique reduces the computation

from O(P 2) to O(P log(P )) with a small amount of error.

In our second algorithm, we introduce a novel approach for efficient computation

of space-varying convolution, based on the theory of matrix source coding [13]; and

we demonstrate how the technique can be used to efficiently implement the stray

light reduction for digital cameras. The matrix source coding technique uses the

method of lossy source coding which makes a dense matrix sparse. This is done by

first decorrelating the rows and columns of a matrix and then quantizing the resulting

compacted matrix so that most of its entries become zero. By making the matrix A

sparse, we not only save storage, but we also dramatically reduce the computation of

the required matrix-vector product.
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Our experimental results indicate that, by using this approach, we can reduce

the computational complexity of space-varying convolution from O(P 2) to O(P ). For

digital images exceeding 1 million pixels in size, this makes deconvolution practically

possible, and results in deconvolution algorithms that can be computed with 5 to 10

multiplies per output pixel.

1.2 Forward Model Formulation

Our forward model for the digital camera imaging system in Eq. (1.1) is designed

to account for the following contributions: (1) diffractive spreading owing to the

finite aperture of the imaging device; (2) aberrations arising from non-ideal aspects

of device design and device fabrication materials; (3) stray light due to scattering and

undesired reflections; (4) decrease of luminance toward the periphery of the image

due to shading. Therefore, we rewrite our forward model as follows:

y = Ax

= ((1− β)G + βS) Λx, (1.3)

where G accounts for diffraction and aberration, S accounts for stray light, β repre-

sents the weight factor of stray light, Λ is a diagonal matrix that accounts for shading.

We now describe our models for G, S, and Λ in the rest of this section.

Following [6], we model the effect of diffraction and aberration as a 2-D Gaussian

blur. So the entries of G are described by

Gq,p = g(iq, jq; ip, jp)

=
1

2πσ2
exp

(

−
(iq − ip)

2 + (jq − jp)
2

2σ2

)

, (1.4)

where (ip, jp) and (iq, jq) are the 2D positions of the input and output pixel locations,

measured relative to the center of the camera’s field of view, and σ is the width of

the Gaussian kernel.

We model the stray light contamination as convolution with a point spread func-

tion (PSF). So each column of matrix S is a PSF due to the corresponding point
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source. To construct a stray light PSF model suited for application to digital cameras,

as in [6, 7], we want a normalized rotationally invariant two-dimensional functional

form that exhibits smooth behavior over the entire field of view of the camera and

has elliptical cross sections when arbitrary slices are taken of it. Owing to symmetry

considerations, the elliptical cross section should become circular when it is located on

the optical axis. In addition, real world digital camera PSF must accommodate mul-

tiple scattering. The distribution of power for single scattering can be approximated

by Harvey-Shack approximation [9]. This distribution was further approximated by

hyperbolic functions for paraxial rays [6], whose variance is infinite. The resulting

PSF, due to multiple scattering, is the convolution of the distribution of each single

scattering. From central limit theorem [14], the convolution of distributions with infi-

nite variance approaches Cauchy distribution. So the stray light PSF should have the

form of Cauchy function as in [6]. However, the integral of the stray light PSF in [6]

is not constant as the location of the point source changes over the field of view. This

behavior is due to a limitation of the model. In fact, the luminance level in the image

will decrease toward the periphery of the field of view due to shading. But this should

be explicitly accounted for in the model. Thus, we believe that a better approach is

to first normalize the PSF and then apply the shading correction using matrix Λ to

the normalized result. Taking all the criteria mentioned above, the entries of S are

expressed as

Sq,p = s(iq, jq; ip, jp)

=
1

κ

1
(

1 + 1
i2p+j2

p

(

(iqip+jqjp−i2p−j2
p)2

(c+a(i2p+j2
p))2

+ (−iqjp+jqip)2

(c+b(i2p+j2
p))2

))α , (1.5)

where s(iq, jq; ip, jp) represents our stray light PSF model, (a, b, c, α) are parameters of

this PSF model, κ is a normalizing constant that makes
∫

iq

∫

jq
s(iq, jq; ip, jp)diqdjq = 1.

An analytic expression for κ is

κ =
π

α− 1

(

c + a(i2p + j2
p)
) (

c + b(i2p + j2
p)
)

.

Among the model parameters, a and b govern the rate of change of the respective

elliptical cross-section widths with respect to the distance from the optical axis center,
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(a) a < 0, b < 0 (b) a > 0, b > 0

Fig. 1.1. Illustration of relation between cross-section of stray light
PSF and the location of the corresponding ideal point source.

c governs the circular diameter of the PSF when it is centered at the optical axis,

and α controls the rate of decrease. When a and b are both zero, the cross-section

of the PSF becomes circular and this space-varying model becomes space-invariant.

Figure 1.1 shows how the cross section of the stray light PSF behaves as a function

of the angle and distance of the ideal point source from the origin.

In any simple optical imaging system, illumination falls off toward the periphery

of the image according to the cosine fourth law [1]. We name this shading. Figure 1.2

shows a geometric illustration of the shading effect. We incorporate this shading

effect into our model by multiplying the input image x with a diagonal matrix Λ.

The entries of the matrix Λ are expressed as

Λp,p =
D4

(i2p + j2
p + D2)2

, (1.6)

where D is the distance from the exit pupil to the image plane. This completes

our model of the digital camera imaging system described in Eq. (1.3). We have all

together seven parameters (a, b, c, α, σ, β, D) in the entire model. Thus, if we want

to remove the stray light and shading from the captured image, we have to estimate

these parameters and invert this model to recover the ideal scene. We will discuss

parameter estimation in the next section.
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Exit pupil

Optical axis

Image plane

D

θ

Fig. 1.2. Geometric illustration of shading effect.
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Fig. 1.3. Target locations for obtaining PSF characterization data.

1.3 PSF Parameter Estimation

1.3.1 Estimation strategy

We use the apparatus described by Bitlis et. al. [6] to obtain the PSF characteri-

zation data in a dark room. We use a digital camera to acquire images from a uniform

light source located at nine positions in the object plane (shown in Fig. 1.3), thereby

capturing the space-varying property of our PSF. At each position, we take raw im-

ages at two different exposure settings, i.e. normal exposure and over exposure. In

saturated areas of the overexposed image, we use the pixel values from the normally

exposed image for the corrupted image. In other areas, we scale the overexposed im-

age by the factor of the ratio between the two exposure times to obtain pixel values

for the corrupted image. This strategy enables us to construct a corrupted image

scaled to the same level as the normally exposed image but with a lower noise level in

dark areas. This scaling is valid since image intensity is proportional to the exposure

time. In order to construct the ideal image, we threshold each image with normal

exposure at eighty percent of its maximum intensity to obtain a binary image. Then

pixels at the boundary of the target are assigned intermediate values to account for
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partial pixel illumination [6]. We also scale these constructed images with the same

factor for all positions such that at the center position the image’s total energy is the

same as the corrupted image. This forms a set of ideal images, which we consider

as the ground truth. After obtaining the corrupted images and ideal images, we can

estimate the PSF parameters from these data. Note that the image data is in linear

space, not gamma corrected space.

Our strategy for estimating PSF parameters is to minimize a cost function

ξ =

K
∑

k=1

(ŷk − yk)
2

=
K
∑

k=1

(A(a, b, c, α, σ, β, D)xk − yk)
2, (1.7)

where K is the number of positions used for estimation (K = 9 in our case), yk is the

kth observed image, xk is the kth ideal image, A(a, b, c, α, σ, β, D) is the matrix which

characterizes the digital camera imaging system. So this cost function represents

the difference between the actual observed images and the ones computed using our

forward model. Note that since stray light contamination is more observable outside

the object, we do not take the entire image when computing the cost. Instead, we

mainly consider pixels outside the target and only take a few pixels inside the target

region to account for shading. Our final estimates of parameters are computed as

follows:

(â, b̂, ĉ, α̂, σ̂, β̂, D̂) = arg min
(a,b,c,α,σ,β,D)

ξ. (1.8)

However, since our PSF is space-varying, directly computing the cost function

using Eq. (1.7) is quite expensive and inefficient: evaluating the stray light PSF at

one output pixel for one input pixel using Eq. (1.5) requires at least 6 real multiplies

and 1 power operation, not to mention the other terms. If we denote M to be the

number of real operations required for evaluating the PSF at one output pixel for one

input pixel, Nnon0 to be the number of nonzero pixels in an ideal image, Nout to be

the number of pixels on which to compute the cost, then we need MNnon0Nout real

operations to compute the cost for one position among a total of 9 positions.
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In this work, we compute the cost function over the entire region through ap-

proximation. Since the target region is relatively small compared to the size of the

image, we can assume that the stray light PSF s(iq, jq; ip, jp) within the target region

is space-invariant at each individual location and is equal to the PSF at the center

of the target region. As is illustrated in Fig. 1.4, at pixel (ip, jp) instead of using the

PSF indicated by the solid ellipse, we use the PSF depicted by the dashed ellipse,

which is a shifted copy of the PSF at pixel (̄ip, j̄p). In fact, this is equivalent to the

approximating the space-varying convolution of stray light PSF with the ideal image

with a space-invariant convolution:

ŷSTR =

∫∫

iq ,jq

s(iq, jq; ip, jp)x(ip, jp)diqdjq

=

∫∫

iq ,jq

1

z

1
(

1 + 1
i2p+j2

p

(

((iq−ip)ip+(jq−jp)jp)2

(c+a(i2p+j2
p))2

+ ((jq−jp)ip−(iq−ip)jp)2

(c+b(i2p+j2
p))2

))αx(ip, jp)diqdjp

≈

∫∫

iq ,jq

1

z

1
(

1 + 1
ī2p+j̄2

p

(

((iq−ip)̄ip+(jq−jp)j̄p)2

(c+a(̄i2p+j̄2
p))2

+ ((jq−jp)̄ip−(iq−ip)j̄p)2

(c+b(̄i2p+j̄2
p))2

))αx(ip, jp)diqdjp,(1.9)

where īp and j̄p are both constants, so the last line is in the form of space-invariant

convolution. Once the PSFs at our target region are space-invariant, we can use

fast Fourier transform (FFT) to compute the convolution [15]. Then we need only

MNout + 2Nout log Nout real operations to compute the cost for one position. So the

ratio of number of real operations between exact computation and our approximation

approach is MNnon0

(M+2 log Nout)
. In a typical PSF characterization experiment, Nnon0 is on

the order of 104 and log Nout is on the order of 10. So this approximation leads to a

significant reduction in computation on the order of 104. Besides, since our target is

relatively small compared to the size of the image, our locally space-invariant approx-

imation has high accuracy. If we let ŷSTR
k be the exact space-varying convolution of

the kth ideal image with the stray light PSF, and let ỹSTR
k be the corresponding result

due to locally space-invariant approximation, then we can measure the accuracy of
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Fig. 1.4. Illustration of how a space-varying PSF is approximated with
a locally space-invariant PSF. The center of target region is (̄ip, j̄p).
We approximate the PSF at pixel (ip, jp) by the PSF at pixel (̄ip, j̄p).
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Table 1.1
NRMSE of locally shift invariant approximation

Position center top left top center top right center right

NRMSE 0.0001 0.0014 0.0010 0.0015 0.0011

Position center left bottom left bottom center bottom right

NRMSE 0.0009 0.0011 0.0007 0.0013

this locally shift invariant approximation using normalized root mean square error

(NRMSE) defined by the following equation:

NRMSEk =

√

‖ŷSTR
k − ỹSTR

k ‖22
‖ŷSTR

k ‖
. (1.10)

For a typical set of stray light PSF parameter, a = −2.68× 10−5, b = −8.04× 10−5,

c = 2.61×10−3, α = 1.3, the NRMSE at 9 positions in our dark room experiments in

Fig. 1.3 is shown in Table 1.1. We can see that the largest error is only 0.15%, which

means that we have an accurate approximation. We use this locally space-invariant

approximation to compute the cost function in Eq. (1.7) for all 9 positions and es-

timate PSF parameters by minimizing the cost. The minimization is accomplished

with a subspace trust region method [16] using MATLAB optimization toolbox [17].

1.3.2 Estimation result

We conduct experiments with a camera model available on the market: Olympus

SP-510 UZ 1. The camera settings are: aperture f8.0, ISO 50, normal exposure time

1/25s, over exposure time 2s. The estimated parameters for the model with shading

factor and without shading factor are listed in Table 1.2. Note that σ and D are

both in units of pixels. The entire image size is 2310× 3088 for Olympus SP-510 UZ.

From the estimation results, we have the following observations: (1) The diffraction-

aberration PSF is very sharp considering the size of the image (σ is 3 pixels); (2) The

1Olympus America Inc., PA 18034
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Table 1.2
PSF parameters.

Parameter a (mm−1) b (mm−1) c (mm) α σ (mm) β D (mm)

shading −1.65 × 10−5 −5.35× 10−5 1.76 × 10−3 1.31 5.71× 10−3 0.39 17.26

no shading −2.68 × 10−5 −6.43× 10−5 1.64 × 10−3 1.30 5.76× 10−3 0.40
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shading factor D4/(x2 + y2 + D2)2 ranges from 0.9184 to 1, so generally it is very

close to 1; (3) The stray light component is relatively small (39%).

We show the cross-sections of model fitting at two positions for two different

models, with shading factor and without shading factor, in Fig. 1.5. The fitted curves

are obtained by substituting the estimated parameters into the PSF and computing

the corrupted image by rigorous superposition using Eq. (1.3). The thick solid curve

is the corrupted signal. The thin solid curve is the fitted signal using the model with

shading factor. The dashed curve is the fitted signal using the model without shading

factor. We can clearly see that at the top right position the model with shading

factor fits much better than the model without shading factor. We define the root

mean square (RMS) error between fitted signal and corrupted signal at the jth target

position as

RMSk =

√

1

Pk
‖A(â, b̂, ĉ, α̂, σ̂, β̂, D̂)xk − yk‖22, (1.11)

where Pk is the number of pixels used to compute the cost at position k. At the top

right position, the RMS error is 0.2980×10−3 for the model with shading factor, and

is 0.3295×10−3 for the model without shading factor. This difference in RMS error is

primarily due to the fitting at the center of the target, since from Fig. 1.5 (d) we can

see that the tails of the fitted signal for the model with shading and without shading

sit on top of each other. The difference in RMS error is not very large, because only

a small number of pixels are chosen at the center of the target when computing the

cost function. At the center position, the RMS error is 0.1814× 10−3 for the model

with shading factor and 0.1817 × 10−3 for the model without shading factor. The

difference in RMS error is very small at the center, because the center position has

the least amount of shading.

1.4 Stray Light Reduction

After obtaining parameters for the forward model, we apply Van Cittert’s iterative

image restoration method [10, 18] in Eq. (1.2) to recover the original image x from
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Fig. 1.5. Horizontal cross sections of model fitting for the model with
shading and the model without shading at two position: (a) center
position, (c) top right position, and their zoomed in plots on the tails
(b) and (d). The thick solid curve is the corrupted signal. The thin
solid curve is the fitted signal using the model with shading factor.
The dashed curve is the fitted signal using the model without shading
factor. The vertical axis is the image intensity normalized by the
maximum dynamic range (65535).
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the corrupted image y. We initialize x̂(0) to be the observed (corrupted) image y, and

only apply one iteration of Van Cittert’s formula. So the restoration formula becomes

x̂ = 2y −Ay. (1.12)

In addition, from our estimation result in Sec. 1.3.2, we can see that the diffraction-

aberration PSF is very sharp considering the image size and can be approximated by

a delta function. Thus our restoration strategy is given by

x̂ ≈ 2y − (1− β)Λy − βSΛy (1.13)

We show in Appendix 3.8 that the result of our restoration formula is a good estimate

of the original image by using the facts that the shading factor is close to 1 and that

the stray light part represents only a small portion of the entire PSF.

Note that in order to restore the image using Eq. (1.13), we need to compute SΛy.

Remember that Λ is a diagonal matrix, so computing Λy is easily implemented as

scaling on each pixel of the image y. So we first compute ỹ = Λy. However, matrix S

is a large and dense matrix. In addition, it is not a Toeplitz matrix, so FFT cannot

be used to compute the matrix-vector product. Therefore exact computation of Sỹ

needs P 2 real multiplies, which is too expensive for implementation on real camera

architecture. In the next two sections, we are going to present two algorithms for

efficiently computing

x̃ = Sỹ. (1.14)

1.5 Piecewise Isoplanatic Modeling Based on Vector Quantization

1.5.1 Isoplanatic partitioning using vector quantization

The idea of our algorithm is to partition the input image into isoplanatic patches

and compute the convolution of each patch with a space-invariant PSF, that we call

the representative PSF for this patch, using FFT. Then the convolution results from

all the patches are superimposed together to form the result. This idea is very similar
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to the overlap-and-add method [19,20], except that the overlap and the size of output

corresponding to each input patch is the same as the size of entire image, because

the patches may have irregular shapes and the stray light PSF has a large 2D sup-

port. In addition, the overlap-and-add method presented in [19, 20] fixed the patch

shape to be rectangular, whereas in our work, we don’t have this constraint. This

piecewise isoplanatic approximation of space-varying systems was discussed in [11,12].

However, the algorithm for isoplanatic partitioning provided in [11] only handles one

dimensional scenario. In this research, we adopt a method widely used in vector

quantization for determining the isoplanatic partition and computing representative

convolution kernels in two dimensional cases. With the piecewise isoplanatic approx-

imation, Eq. (1.14) can be written as follows:

x̃(iq, jq) =
∑

ip,jp

s(iq, jq; ip, jp)ỹ(ip, jp)

≈
L
∑

l=1

∑

(ip,jp)∈Rl

sl(iq − ip, jq − jp)ỹ(ip, jp), (1.15)

where L is the total number patches, sl is the representative PSF used for the lth

patch, Rl denotes the lth patch, and it satisfies

L
⋃

l=1

Rl = Ω, with Ω being the entire

image area, and Rl1∩Rl2 = φ for l1 6= l2. Note that the last line of Eq. (1.15) can now

be computed using FFT, since for each patch l, it is a space-invariant convolution. So

the computation of space-varying convolution is reduced from P 2 real multiplies to

2LP log P real multiplies. For a 256× 256 image with 8 patch partition, it results in

a 256 fold reduction in computation. For a 1024×1024 image with 8 patch partition,

it results in a 3277 fold reduction in computation. As a trade-off, we need to store

the partition result and the representative PSF for each patch. We now show how

to partition the image and how to determine the representative PSF for a particular

patch.

Assuming the same convolution kernel for all pixels in an isoplanatic region is

equivalent to quantizing the convolution kernels at every pixel location in that region

to the representative convolution kernel. So it is a vector quantization problem.
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However, the distinction is that the centroid or codeword of a patch may not be

represented by any pixel in that patch, but can be fully described by a convolution

kernel. In addition, the appropriate definition of distance between two pixels in

the quantization process is the mean square difference between their corresponding

convolution kernels, since we want to achieve the minimum distortion in PSF. If we

let sl,m denote the vectorized convolution kernel at the mth pixel in the lth region,

and let sl denote the vectorized representative convolution kernel for the lth region,

then we can define the distortion of quantization at the lth region as

el =
1

Nl

Nl
∑

m=1

‖sl,m − sl‖
2
2, (1.16)

where Nl is the number of pixels in the lth region. For an image of P pixels, the

objective is to minimize the average distortion defined by

d =
1

P

L
∑

l=1

elNl

=
1

P

L
∑

l=1

Nl
∑

m=1

‖sl,m − sl‖
2
2. (1.17)

The average distortion d reaches minimum, when sl = 1
Nl

∑Nl

m sl,m for l = 1, . . . , L.

Thus once the partition is determined, the optimal representative convolution kernel

for the lth region is the average convolution kernel for all pixels in that region.

After defining the distortion metric, we now use vector quantization to find a

good partition. A number of methods have been proposed for vector quantization,

including median split algorithm [21], pairwise nearest neighbor algorithm [22], LBG

algorithm [23], and some other algorithms designed to achieve global optimal solution

[24] and [25]. We adopt LBG algorithm because it produces good locally optimal

solutions and it is a widely used technique [26]. Our algorithm is described as follows:

1. Initialization: Set the number of isoplanatic patches L, and a distortion thresh-

old ǫ ≥ 0. Partition the image into uniform rectangular regions as an initial
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partition. Compute the initial representative convolution kernels (codewords)

by averaging the convolution kernels in each patch. .

2. For each pixel in the image, classify it into the region with the closest codeword

to that pixel based on the optimum nearest-neighbor rule [23].

3. Compute the average distortion di in the current iteration i. If (di−1−di)/di ≤ ǫ,

stop. Otherwise, continue.

4. Update the codeword of each patch by the average convolution kernel in that

region, since this achieves minimum distortion. Update i with i+1. Go to step

2.

1.5.2 Simulated experiments

We conduct simulation experiments over images of size 256× 256. We follow our

forward model in Eq. (1.3) to construct stray light contaminated images. In order

to emphasize our piecewise isoplanatic partition strategy, we ignore the diffraction-

aberration term and the shading factor, which means that matrices G and Λ are

both identity matrices in this simulation. We choose the weight of stray light to be

β = 0.3. We choose the parameters of the stray light PSF to be: a = −10−4mm−1,

b = −4 × 10−4mm−1, c = 5.76 × 10−3mm, and α = 1.1063. The log magnitude of

the PSFs due to a point source at the image center and a point source at the corner

of the image are shown in Fig. 1.6(a) and (b) respectively. Space-varying behavior

of the PSF can be observed from this figure. We partition the image into 4 and 8

patches with rectangular partition and our proposed approach respectively and show

the results in Fig. 1.7. Pixels with the same gray level belong to the same isoplanatic

patch. Note that pixels symmetric to the origin (the center of the image) have exactly

the same convolution kernel. So the partitioning is symmetric to the origin.

In our experiment, we take natural images as the ideal, stray light free images

and apply our forward model to construct the captured images. Figure 1.8 shows
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(a) PSF at center of the image. (b) PSF at corner of the image.

Fig. 1.6. Log magnitude of PSF at different positions in the image:
(a) shows the log magnitude of PSF due to a point source at center of
the image, (b) shows the log magnitude of PSF due to a point source
at corner of the image.
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(a) Four patches with rectangular partition. (b) Eight patches with rectangular partition.

(c) Four patches with proposed partition. (d) Eight patches with proposed partition.

Fig. 1.7. Piecewise isoplanatic patches using rectangular partition
and our proposed algorithm. Pixels with the same gray level belong
to the same patch. Among the above figures, (a) shows rectangular
partition into four patches, (b) shows rectangular partition into eight
patches, (c) shows our proposed partition into four patches, (d) shows
our proposed partition into eight patches.
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(a) Ideal image 1. (b) Ideal image 2.

Fig. 1.8. Stray light free images.

the ideal images. Figures 1.9 and 1.10 show the corrupted images, and the corre-

sponding restoration results using rigorous computation of space-varying convolution

(Fig. 1.9(b) and Fig. 1.10(b)), piecewise isoplanatic approximation with eight patch

rectangular partition (Fig. 1.9(c) and Fig. 1.10(c)), and piecewise isoplanatic ap-

proximation with our proposed eight patch partition (Fig. 1.9(d) and Fig. 1.10(d)).

Note that in our restoration experiments, we assume that the model parameters

{a, b, c, α, β} are known or accurately estimated. We compare the performance of the

regular rectangular partition and our proposed partition by computing the signal to

noise ratio (SNR) as

SNR = 10 log10

(

‖x‖22
‖x− x̂‖22

)

.

From the results in Fig. 1.9, we can see that our proposed approach increases the

SNR from 24.86dB in the corrupted image to 41.39dB in the restored image, and is

close to the SNR=43.52dB produced by rigorous computation, whereas rectangular

partition produces an SNR=35.90dB, which is more than 5dB lower than our proposed

approach. Similar results are observed in Fig. 1.10. Our proposed algorithm produces

an SNR that is about 8dB higher than rectangular partition.
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(a) Corrupted image (b) Rigorous restoration

SNR=24.86dB SNR=43.52dB

(c) Restoration with rectangular partition (d) Restoration with proposed partition

SNR=35.90dB SNR=41.39dB

Fig. 1.9. An example of corrupted image and its restoration results us-
ing rigorous space-varying convolution, piecewise isoplanatic approx-
imation with eight patch rectangular partition and proposed eight
patch partition.
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(a) Corrupted image. (b) Rigorous restoration.

SNR=26.04dB SNR=47.09dB

(c) Restoration with rectangular partition. (d) Restoration with proposed partition.

SNR=36.39dB SNR=44.10dB

Fig. 1.10. An example of corrupted image and its restoration re-
sults using rigorous space-varying convolution, piecewise isoplanatic
approximation with eight patch rectangular partition and proposed
eight patch partition.
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1.5.3 Real image restoration results

Darkroom image restoration results

Similar to the experiments described in Sec. 1.3, we took another set of darkroom

images to test our stray light and shading reduction algorithm. Again, we construct

ideal and corrupted images according to the method in Sec. 1.3. We show in Fig. 1.11

a horizontal cross section of the restoration results of corrupted images at the center

position and center right position.

From Fig. 1.11 (c), we can clearly observe the reduction of shading. From the

zoomed in plots in Fig. 1.11 (b) and (d), we can see that the stray light at the wings

outside the target has been effectively reduced.

Outdoor image restoration results

We took outdoor pictures with an Olympus SP-510 UZ camera. The settings

were kept the same as in the PSF estimation experiment, except for the shutter

speed. We show three examples of the captured images by the Olympus camera and

corresponding restoration results in Figs. 1.12, 1.13, and 1.14. We also zoom in part

of the images (enclosed by the black box) to better display the effect of stray light

reduction. In Fig. 1.12, the glare source is the road which has a relatively large

amount of light reflection. From the zoomed in view of the grass, we can see that the

saturation of the grass is increased after restoration, i.e. the grass becomes greener,

and more details of the grass is revealed. In Fig. 1.13, we observe a veil on top of

the building and trees before restoration. After restoration, that veil is removed, and

the grass color becomes more saturated. In Fig. 1.14, the glare source is the cloud

in the background. From the zoomed in view, it is clear that stray light reduces the

contrast on the tree branches. Our restoration algorithm recovers the lost details and

reduced contrast on the tree branches. These real-world digital image examples show

the capability of our algorithm to reduce the amount of stray light.
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(a) Restoration result at the center position. (b) Zoomed in plots at the center position.
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(c) Restoration result at the center right position. (d) Zoomed in plots at the center right position.

Fig. 1.11. Horizontal cross sections of corrupted images, restored im-
ages, and ideal images at two positions. Dashed lines denote corrupted
images. Solid lines denote restored images. Dash dotted lines denote
ideal images. The plots in (a) and (b) are for the center position. The
plots in (c) and (d) are for the center right position. The vertical axis
is the image intensity normalized by the maximum dynamic range
(65535).
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(a) Captured image. (b) Restored image.

(c) Part of the captured image. (d) Part of the restored image. (e) Captured | restored.

Fig. 1.12. First example of captured and restored images.
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(a) Captured image. (b) Restored image.

(c) Part of the captured image. (d) Part of the restored image. (e) Captured | restored.

Fig. 1.13. Second example of captured and restored images.
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(a) Captured image. (b) Restored image.

(c) Part of the captured image. (d) Part of the restored image. (e) Restored \ captured.

Fig. 1.14. Third example of captured and restored images.
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1.6 Matrix Source Coding

1.6.1 Matrix source coding theory

Our strategy for speeding up the computation of Eq. (1.14) is to compress the

matrix S, such that it becomes sparse. In order to find a sparse representation of

the matrix S, we use the techniques of lossy source coding. Let [S] represent the

quantized version of S. Then S = [S] + δS, where δS is the quantization error. This

error δS results in some distortion in x̃ given by

δx̃ = δSỹ. (1.18)

A conventional distortion metric for the source coding of the matrix S is ‖δS‖2.

However, this may be very different from the squared error distortion in the matrix-

vector product result which is given by ‖δx̃‖2. Therefore, we would like to relate the

distortion metric for S to the quantity ‖δx̃‖2.

It has been shown that if the image ỹ and the quantization error δS are indepen-

dent, then the distortion in x̃ is given by [13, 27]

E
[

‖δx̃‖2|δS
]

= ‖δS‖2Rỹ
= trace{δSRỹδS

t}, (1.19)

where Rỹ = E[ỹỹt]. So if the data vector ỹ is white, then Rỹ = I, and

E
[

‖δx̃‖2|δS
]

= ‖δS‖2. (1.20)

In other words, when the data are white, minimizing the squared error distortion

of the matrix S is equivalent to minimizing the expected value of the squared error

distortion for the restored image x̂.

So our strategy for source coding of matrix S is to simultaneously:

• Whiten the image ỹ, so that minimizing the distortion in the coded matrix is

equivalent to minimizing the distortion in the restored image.

• Decorrelate the columns of S, so that they will code more efficiently after quan-

tization.
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• Decorrelate the rows of S, so that they will code more efficiently after quanti-

zation.

The above goals can be achieved by applying the following transformation

Š = W1ST−1 (1.21)

y̌ = T ỹ, (1.22)

where T is a matrix that simultaneously whitens the components of ỹ and decorrelates

the columns of S, and W1 is a matrix that approximately decorrelates the rows of

S. In our case, W1 is a wavelet transform, since wavelet transforms are known to be

an approximation to the Karhunen-Loeve transform for stationary sources, and are

commonly used as decorrelating transforms [28]. We form the matrix T by applying

a wavelet transform to ỹ followed by gain factors designed to normalize the variance

of the wavelet coefficients. Specifically, T = Λ
−1/2
w W2 and T−1 = W−1

2 Λ
1/2
w , where W2

is also a wavelet transform, and Λ
−1/2
w is a diagonal matrix of gain factors designed

so that

Λw = E[diag(W2ỹỹtW t
2)].

This matrix T approximately whitens and decorrelates the image ỹ. The diagonal

matrix Λw can be estimated from training images. We take the wavelet transform W2

of these training images, compute the variance of wavelet coefficients in each band,

and average over all images. In this way, we only have a single gain factor for each

band of the wavelet transform.

Using the above matrix source coding technique, the computation of the space-

varying convolution now becomes

x̃ ≈W−1
1 [Š]y̌, (1.23)

where [Š] is the quantized version of Š. Therefore, the on-line computation consists of

two wavelet transforms and a sparse matrix vector multiply. We will show later that

this technique results in huge savings in computation of space-varying convolution.
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1.6.2 Efficient implementation of matrix source coding

In order to implement the fast space-varying convolution method of Eq. (1.23),

it is first necessary to compute the source coded matrix [Š]. We will refer to the

computation of [Š] as the off-line portion of the computation. Once the sparse matrix

[Š] is available, then the space-varying convolution may be efficiently computed using

on-line computation shown in Eq. (1.23).

However, even though the computation of [Š] is performed off-line, rigorous evalu-

ation of this sparse matrix is still too large for practical problems. For example, if the

image is 16 Megapixel in size, then temporary storage of S requires approximately 1

Petabyte of memory. The following section describes an efficient approach to compute

[Š] which eliminates the need for any such temporary storage.

In our implementation, we use the Haar wavelet transform [29] for both W2 and

W1. The Haar wavelet transform is an orthonormal transform, so we have that

Š = W1ST−1

= W1SW t
2Λ

1/2
w .

Therefore, the precomputation consists of a wavelet transform W2 along the rows

of S, scaling of the matrix entries, and a wavelet transform W1 along the columns.

Unfortunately, the computational complexity of these two operations is O(P 2), where

P is the number of pixels in the image, because the operation requires that each entry

of S be touched. In order to reduce this computation to order O(P ), we will use a

two stage quantization procedure combined with a recursive top-down algorithm for

computing the Haar wavelet transform coefficients.

The first stage of this procedure is to reduce the computation of the wavelet

transform W1. To do this, we first compute the wavelet transform of each row using

W2, and then we perform an initial quantization step. This procedure is expressed

mathematically as

[Š] ≈ [W1[SW t
2Λ

1/2
w ]], (1.24)
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where the notation [· · · ] denotes quantization. After the initial quantization, the

resulting matrix [SW t
2Λ

1/2
w ] is quite sparse. If the number of remaining nonzero entries

in each row is K, then the computational complexity of the second wavelet transform

W1 is reduced to order O(KP ) rather than O(P 2).

However, the problem still remains as to how to efficiently implement the first

wavelet transform W2, since naive application of W2 to every row still requires O(P 2)

operations. The next section describes an approach for efficiently computing this first

wavelet transform by only evaluating the significant coefficients. This can be done by

using a top-down recursive method to only evaluate the wavelet coefficients that are

likely to have absolute values substantially larger than zero.

Determining the location of significant wavelet coefficients

As discussed above, we need a method for computing only the significant wavelet

coefficients in order to reduce the complexity of the wavelet transform W2. To do this,

we will first predict the location of the largest K entries in every row of the matrix

SW t
2Λ

1/2
w . Then we will present an approach for computing only those coefficients,

without the need to compute all coefficients in the transform.

Since each row of S is actually an image, we will use the 2D index (iq, jq) to index a

row S, and (ip, jp) to index a column of S. Using this notation, S(iq ,jq),(ip,jp) represents

the effect of the point source at position (ip, jp) on the output pixel location (iq, jq).

Figure 1.15(a) shows an example of the row of S displayed as an image, together

with its wavelet transform in Fig. 1.15(b). The wavelet transform is then scaled by

gain factors Λ
−1/2
w , and represented by the corresponding row of SW t

2Λ
1/2
w . Finally,

Fig. 1.15(c) shows the locations of the wavelet coefficients that are non-zero after

quantization, and a circle in each band that is used to indicate the region containing

all non-zero entries.

By identifying the regions containing non-zero wavelet coefficients, we can reduce

computation. In practice, we determine these regions by randomly selecting rows of
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(a) An example of the row image. (b) The corresponding wavelet transform.

(c) Location of non-zero wavelet coefficients after quantization.

Fig. 1.15. An example of a row of S displayed as an image together
with its wavelet transform, and the locations of non-zero entries after
quantization: (a) shows the log amplitude map of the row image, (b)
shows the log of the absolute value of its wavelet transform, (c) shows

the locations of non-zero entries of the corresponding row of SW t
2Λ

1/2
w .

the matrix and determining the center and maximum radius necessary to capture all

non-zero coefficients.

A top-down approach for computing sparse haar wavelet coefficients

In order to efficiently compute sparse Haar wavelet coefficients, we compute only

the necessary approximation coefficients at each level using a top-down tree-based

approach. The tree structure is illustrated in Fig. 1.16. Since the approximation co-
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Fig. 1.16. An illustration of the tree structure of approximation co-
efficients. Shaded squares indicate that the detail coefficients are not
zero at those locations. So we go to the next level recursion. Empty
squares indicate that the detail coefficients are zero, and we stop to
compute their values.

efficients at different scales form a quad-tree, the value of each node can be computed

from its children as

fa[k][m][n] =
1

2
(fa[k − 1][2m][2n] + fa[k − 1][2m + 1][2n]

+fa[k − 1][2m][2n + 1] + fa[k − 1][2m + 1][2n + 1]), (1.25)

where fa[k][m][n] represents an approximation coefficient at level k and location

(m, n). Here level k = 0 is the lowest level corresponding to the full resolution

image. A recursive algorithm can be easily formulated from Eq. (1.25). We know

that when the corresponding detail coefficients of an approximation coefficient are all

zero, it means that the approximation is perfect. So in this case, for the nodes whose

corresponding detail coefficients are all zeroed out after quantization, we stop and

compute the value of the approximation coefficient by

fa[k][m][n] = 2kfa[0][2km][2kn]. (1.26)

Note that fa[0][2km][2kn] can be directly computed from the expression of the PSF.

Another stopping point occurs when the leaves of the tree are reached, i.e. k = 0.

Therefore, we have a recursive algorithm for computing the significant Haar wavelet

approximation coefficients as shown in Fig. 1.17.
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float FastApproxCoef(k, m, n) {

float value = 0;

if (k==0) {

value = s(iq, jq; m, n);

fa[k][m][n] = value;

return value;

}

if (ZeroDetailCoef(k,m,n)) {

value = 2ks(iq, jq; 2
km, 2kn);

fa[k][m][n] = value;

return value;

}

value += FastApproxCoef(k-1, 2m, 2n);

value += FastApproxCoef(k-1, 2m, 2n+1);

value += FastApproxCoef(k-1, 2m+1, 2n);

value += FastApproxCoef(k-1, 2m+1, 2n+1);

value = value/2;

fa[k][m][n] = value;

return value;

}

(a) Primary function.

int ZeroDetailCoef(k,m,n) {

if (d
(

(m, n), (mk
c , nk

c )
)

> max{r
(k)
h , r

(k)
v , r

(k)
d }) {

/* (mk
c , nk

c ) is the center of the circle at level k */

/* d
(

(m, n), (mk
c , nk

c )
)

is the distance from (m, n) to (mk
c , nk

c )

*/

return 1;

}

else {

return 0;

}

}

(b) Subroutine.

Fig. 1.17. Pseudo code for fast computation of significant Haar ap-
proximation coefficients. Part (a) is the main routine. Part (b) is
a subroutine called by (a). The approximation coefficient at level k,
location (m, n) is denoted fa[k][m][n].
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After obtaining the significant approximation coefficients, we can compute the

necessary wavelet coefficients [29] using the following equation:

fh
d [k][m][n] =

1

2
(fa[k − 1][2m][2n]− fa[k − 1][2m][2n + 1]

+fa[k − 1][2m + 1][2n]− fa[k − 1][2m + 1][2n + 1])

f v
d [k][m][n] =

1

2
(fa[k − 1][2m][2n] + fa[k − 1][2m][2n + 1]

−fa[k − 1][2m + 1][2n]− fa[k − 1][2m + 1][2n + 1])

fd
d [k][m][n] =

1

2
(fa[k − 1][2m][2n]− fa[k − 1][2m][2n + 1]

−fa[k − 1][2m + 1][2n] + fa[k − 1][2m + 1][2n + 1]), (1.27)

where fh
d [k][m][n], f v

d [k][m][n], and fd
d [k][m][n] denote the horizontal, vertical, and

diagonal detail coefficients respectively, at level k, location (m, n). We can show that

the complexity of our algorithm for computing sparse Haar wavelet coefficients of an

P -pixel image is O(K), where K represents the number of nonzero entries after quan-

tization. The number of nodes that we visit in the tree of approximation coefficients

is at most 4K. Computing these 4K nodes requires at most 16K additions. So the

complexity of computing the approximation tree is O(K). Once the necessary ap-

proximation coefficients are computed, computing the detail coefficients only requires

O(K) operations. Thus the complexity of our algorithm is O(K) for one row of S.

Therefore, we reduce the complexity of precomputation of [Š] from O(P 2) to O(KP ).

1.6.3 Experimental results

Experiments on space-varying convolution with stray light PSF

In order to test the performance of our algorithm in computing x̃ = Sỹ, we use

the test image shown in Fig. 1.18 for ỹ, and a realistic stray light PSF for S. The

parameters of this PSF are: a = −1.65 × 10−5 mm−1, b = −5.35 × 10−5 mm−1,

α = 1.31, c = 1.76 × 10−3 mm. The parameters of this PSF were estimated for an

Olympus SP-510 UZ2 camera. We picked three natural images as training images to

2Olympus America Inc., Center Valley, PA 18034
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obtain the scaling matrix Λw. We use normalized root mean square error (NRMSE)

as the distortion metric:

NRMSE =

√

‖x̃−W−1
1 [Š]y̌‖22
‖x̃‖22

. (1.28)

Our measure of computation is the average number of multiplies per output pixel

(rate), which is given by the average number of non-zero entries in the sparse matrix

[Š] divided by the total number of pixels P .

In order to better understand the computational savings, we used two different

image sizes of 256 × 256 and 1024 × 1024 for our experiments. In the 256 × 256

case, we used an eight level Haar wavelet transform for W2. In the 1024 × 1024

case, we used a ten level Haar wavelet transform for W2. In both cases, W1 was

chosen to be a three level CDF 5-3 wavelet transform [30]. In addition, the wavelet

transform W1 was computed using a 64 × 64 block structure so as to minimize the

size of temporary storage used in the off-line computation. Using a block structure

enables us to compute the rows of [SW t
2Λ

1/2
w ] corresponding to one block, take the

wavelet transform along the columns, then quantize and save, and then go to the next

block.

Figure 1.19(a) shows the distortion rate curves for a 256 × 256 image using two

different techniques, i.e. simple quantization of S and matrix source coding of S as

described by Eq. (1.23). Note that direct multiplication by S without quantization

requires 65, 536 multiplies per output pixel.

Figure 1.19(b) compares the distortion rate curves of our matrix source coding

algorithm on two different image sizes — 256 × 256 and 1024 × 1024. Notice that

the computation per output pixel actually decreases with the image resolution. This

is interesting since the computation of direct multiplication by S increases linearly

with the size of the image P .

At 1024 × 1024 resolution, with only 2% distortion, our algorithm reduces the

computation from 1048576 = 10242 multiplies per output pixel to 12 multiplies per

output pixel; and that is a 87, 381:1 reduction in computation.
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Fig. 1.18. Test image for space-varying convolution with stray light PSF.
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(a) Distortion vs. computation for two methods on image size 256× 256.
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(b) Distortion vs. computation for two image sizes using matrix source coding of S.

Fig. 1.19. Experiments demonstrating fast space-varying convolution
with stray light PSF: (a) relative distortion versus number of mul-
tiplies per output pixel (i.e. rate) using two different matrix source
coding strategies: the black solid line shows the curve for our pro-
posed matrix source coding algorithm as described in Eq. (1.23), and
the red dashed line shows the curve resulting from direct quantization
of the matrix S; (b) comparison of relative distortion versus compu-
tation between two different resolutions: the solid black line shows
the curve for 256× 256, and the dashed blue line shows the curve for
1024× 1024.
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Experiment on stray light reduction

We use Eq. (1.13) to perform stray light reduction. The space-varying convolution

Sy is efficiently computed using our matrix source coding approach. We take outdoor

images with an Olympus SP-510UZ camera. The stray light PSF parameters were

shown in the previous subsection. The other parameter β = 0.3937. We use an eight

level Haar wavelet for W2, and a three level CDF 5-3 wavelet [30] for W1, with block

structure of block size 64× 64.

Figure 1.6.3 shows an example of stray light reduction. Figure 1.6.3(a) is the

captured image. Figure 1.6.3(b) is the restored image. Figures 1.6.3(c-d) shows a

comparison between captured and restored versions for different parts of the image.

From this example, we can see that the stray light reduction algorithm increases the

contrast and recovers more details of the original scene.

1.7 Conclusion

In this chapter, we proposed two approaches for efficiently computing space-

varying convolution with a small amount of error. In one approach, we reduce the

computation by using a piecewise isoplanatic model to approximate the fully space-

varying model. In the other approach, we reduce the computation by using matrix

source coding theory to factor a dense matrix into the product of sparse matrices.

Our major contribution in the piecewise isoplanatic approximation approach is

that we developed an algorithm to determine a good partition of the image into

isoplanatic patches based on vector quantization. Then we used FFT to compute the

space-invariant convolution of each patch with an optimal PSF and added the results

from all patches together to obtain the final result. The computational complexity

is reduced from O(P 2) to O(P log(P )) if the image contains P pixels. We showed

results from simulated and real data experiments to demonstrate the effectiveness of

our algorithm.
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(a) Captured image. (b) Restored image.

(c) Captured | restored. (d) Captured | restored.

Fig. 1.20. Example of stray light reduction: (a) shows a captured
image, (b) shows the restored image, (c) shows a comparison between
captured and restored for a part of the image, (d) shows a comparison
between captured and restored for another part of the image.



43

Our matrix source coding approach reduced the computation from O(P 2) to O(P )

by factor the dense matrix S into a product of sparse matrices. The factorization

involves using wavelet transforms to decorrelate the rows of columns of the matrix

and quantizing the result. We also developed a fast algorithm for computing sparse

entries of Haar wavelet transform to accelerate our offline computation, which involves

precomputation of quantized wavelet transforms along the rows and columns of the

convolution matrix S. Our algorithm for computing the Haar wavelet transform

uses a top-down recursive approach, rather than the bottom-up approach used by

a conventional filter-bank implementation. The value of this algorithm is to obtain

the sparse entries of Haar wavelet coefficients with O(K) complexity, where K is the

number of sparse entries to compute. We showed experimental results of space-varying

convolution which demonstrated the promise of our algorithm. We also showed a stray

light reduction example using our fast algorithm.
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2. FAST MATRIX VECTOR MULTIPLICATION USING

THE SPARSE MATRIX TRANSFORM

2.1 Introduction

Solutions to problems in linear systems can often be described by the following

matrix-vector product

y = Ax, (2.1)

where x and y are of size P × 1, A is of size P × P . This kind of formulation

arises in many applications, for example, image restoration and reconstruction [26],

stray light reduction [7,31], and the evaluation of large-scale electromagnetic integral

equations [32]. If A is Toeplitz, then Ax may be computed in O(P logP ) time using

the fast Fourier transform (FFT) [33]. However, in the general case, the evaluation of

matrix-vector products requires O(P 2) complexity, since each element of the matrix

must be processed.1

In practice, O(P 2) complexity can render applications intractable when the input

is high dimensional. For example, in the problem of stray-light reduction in digital

photography, it is necessary to convolve the digital image with a very large point-

spread function (PSF) in order to remove the effects of defects in camera optics.

However, if an image contains 1 million pixels, then the associated space-varying

convolution matrix contains 1012 or 1 Tera-word of entries, which is not practical for

storage or computation in consumer systems.

Our basic strategy for fast computation of Ax is to factor the matrix A into a

series of two sparse matrix transforms (SMT) [35] and a diagonal matrix. Since each

SMT is an orthonormal transformation, this decomposition approximates the singular

value decomposition (SVD) of the original matrix A. The SMTs are formed by the

1Fast algorithms do exist for general matrix-matrix products [34].
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product of K Givens rotations, each of which performs a simple rotation on a pair

of coordinates. Due to its sparse structure, each Givens rotation requires only 2

multiplies [36]; so they are very fast to implement. In fact, the SMT can be viewed

as a generalization of the FFT, with each Givens rotation playing a role analogous

to a “butterfly” in an FFT. Once A has been decomposed in this form, then the

required matrix-vector product can be approximately computed by first transforming

the vector with an initial SMT, then applying a diagonal matrix of scaling factors, and

finally transforming the result with a second SMT. Together these operations are of

order O(K), where K is the number of rotations used in the SMTs. If we let r = K/P

quantify the number of rotations per pixel, then in physical applications, it is typically

possible to have accurate approximation with r between 1 and 5. So in practice this

SMT decomposition can dramatically reduce computation. However, a challenge with

the method is the decomposition of very large matrices. If P is very large, then it

may not be possible to store A, let alone compute its SMT decomposition.

This chapter presents an approach to SMT decomposition which is efficient in

both computation and memory for very large matrices. In order to make this off-

line computation practical, we propose a novel algorithm for factoring large matrices

based on the use of training vectors and a cost minimization approach. Using this

approach, we show that the off-line computational complexity required to factor the

matrix is O(P log P ) once the training pairs are available. However, we note that

one limitation for our method is that there must be a method for computing or

experimentally measuring output vectors Y = AX for sample input vectors X, and

output vectors Z = AtO for sample input vectors O.

Our algorithm also provides an efficient method for approximately computing the

SVD of large dense matrices. The conventional method for computing the SVD is

O(P 3) [37]. However, our approach reduces the complexity to O(P log P ) once the

training vector pairs are given. The SVD form of a matrix has many advantages, for

example, making the approximate inversion of A simple and computation of A−1y

fast, for general input vectors y.
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We test the effectiveness of our algorithm on the space-varying convolution re-

quired in stray-light reduction for digital photography. We demonstrate that our

proposed method can dramatically reduce the computation required to accurately

compute the convolution of an image with the space-varying PSF, while maintaining

high accuracy in the result.

2.2 The SMT for Covariance Estimation and Decorrelation

Sparse matrix transform (SMT) of order K is an orthonormal transform consisting

of the product of a series of K sparse transformation ΠK
k=1Ek where each matrix Ek

is a Givens rotation [38]. A Givens rotation, Ek is an orthonormal rotation operating

on two coordinates, ik and jk, which has the form

Ek = I + Θ(ik, jk, θk), (2.2)

where Θ(ik, jk, θk) is defined as

[Θ]ij =































cos(θk)− 1 if i = j = ik or i = j = jk

sin(θk) if i = ik and j = jk

−sin(θk) if i = jk and j = ik

0 otherwise

. (2.3)

Figure 2.1 illustrates the structure of a Givens rotation Ek. Figure 2.2 illustrates the

SMT operation on input data vector x.

Recently techniques have been developed to estimate the covariance of N sample

data vectors using the SMT [35, 39]. More specifically, let Y = [y1, . . . , yN ] be a

P×N matrix of zero-mean i.i.d. Gaussian random vectors with covariance R = EΛEt,

where Λ is the diagonal matrix of eigenvalues, and E is the orthonormal matrix of

eigenvectors. Given this structure, we can compute the constrained maximum log-

likelihood estimate of E and Λ as [35]

Ê = arg min
E∈ΩK

{|diag(EtY Y tE)|} (2.4)
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Fig. 2.1. The structure of a Givens rotation.

Fig. 2.2. An illustration of the SMT operation on input data x.
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Λ̂ =
1

N
diag(ÊtY Y tÊ), (2.5)

where ΩK is the set of SMTs of order K. We will often express the order of the

SMT as r = K
P

, where r is the average number of rotations per coordinate. This

parameterization is useful because in physical problems, r is typically a small number,

for example, less than 5.

The transform E is a very useful approximation to the Karhunen-Loeve (KL)

transform [26]. Applying the exact KL transform is a matrix-vector multiplication,

so it requires O(P 2) operations for a P dimensional data vector. However, applying

the SMT, E, only requires O(P ) operations if r is a constant. So E represents a fast

method for decorrelating data vectors.

The optimization of Eq. (2.4) is of course the key step in the design of the SMT

Ê. This can be done using greedy optimization techniques by searching for the best

coordinate pair, (ik, jk), for the each new Givens rotation [35]. However, the resulting

SMT design algorithm is then O(P 3) because each Givens rotation requires the search

over all coordinate pairs. Most recently, an algorithm has been published which results

in an O(P log P ) complexity SMT design algorithm, through the incorporation of a

graphical neighborhood constraint in the coordinate [39].

So in using the methods of [35,39], the Ê can be computed through the application

of an algorithm with the following form:

Ê ← FastSMTDesign(Y ).

Once Ê is computed, then the estimate of Λ̂ is easily computed from Eq. (2.5), and

we assume that the columns of Ê returned by the FastSMTDesign are arranged so

that the diagonal entries of Λ̂ are in descending order. The transform Ê is very

valuable both for computing an estimate of the covariance, R̂ = ÊΛ̂Êt, and for fast

decorrelation of data vectors

ỹ = Êty,

when y ∼ N(0, R).
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2.3 Fast Matrix-Vector Multiplication using the SMT

Our approach for fast computation of the matrix-vector product of Eq. (2.1) is

to approximate the linear system represented by the large dense matrix A with the

product of two low order SMTs and a diagonal matrix. If the order of the SMTs is

K = rP , then the total number of multiplies required for computing the approximate

matrix-vector product is then 4r + 1, which for typical values of r ≈ 4 is much less

than P .

2.3.1 Matrix Approximation Using the SMT

Our objective is to represent the matrix A in the form

A ≈ FΣT t, (2.6)

where F and T are orthonormal SMTs and Σ is a diagonal matrix. Notice that

Eq. (2.6) is essentially an SVD of the matrix A, with F and T serving as the ap-

proximate left and right singular vectors. With this decomposition, we can efficiently

evaluate the required matrix-vector product of Eq. (2.1) as

Ax ≈ FΣ
(

T tx
)

, (2.7)

where the multiplication by each SMT is only of order O(P ). Intuitively, the method

of Eq. (2.7) is analogous to the use of an FFT for fast convolution, with T t serving

as the fast transform, Σ serving as the transfer function, and F serving as the fast

inverse transform. Figure 2.3 shows the flow diagram of approximating matrix-vector

product using our scheme.

Once the decomposition of Eq. (2.6) is computed, then the on-line computation

of Eq. (2.7) is straightforward and fast. However, the difficult step is the off-line

computation of the SMT decomposition, particularly when P is very large and A

is dense. In this case, even storing the matrix A may not be practical. So we will

need clever methods for computing T , Σ, and F without explicitly storing or even

evaluating A.
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Fig. 2.3. Flow diagram of approximating matrix-vector multiplication
with SMTs and scaling.
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In this chapter, we will assume that while A is too large to store, it is practical (but

perhaps very costly) to compute the application of A, and its transpose At, to training

inputs. This is possible, for example, if application of A can be implicitly expressed

as the solution of a differential equation, or if there is some other method for applying

A which is computationally expensive but tractable. In our example application of

stray light reduction, we have previously proposed a method for making the required

matrix-vector product computationally tractable [31].

Using this assumption, we will be able to compute the following two sets of in-

put/output training pairs,

Y = AX (2.8)

Z = AtO, (2.9)

where X and O are P ×N training input matrices, and Y and Z are corresponding

P ×N outputs. Notice that (X, Y ) represents the input/output pairs for the system,

and (O, Z) represents the output for the system’s adjoint. We have found that by

using training data from both the system and its adjoint, we can improve the accuracy

of the training process.

Therefore, by combining the relations of Eqs. (2.7), (2.8), and (2.9), we can derive

the following L2 cost function for the design of the SMT Decomposition.

Cost(F, T, Σ) = ‖Y − FΣT tX‖2F + ‖Z − TΣF tO‖2F , (2.10)

where ‖·‖F represents Frobenius norm.

In the following Subsections 2.3.1 and 2.3.1, we present a two-stage approach to

the design of the SMTs F and T . In the first stage, we compute the SMTs that

decorrelate the rows and columns of A using an existing method [39]. This first stage

approach is reasonable since we know that the ideal left and right singular transforms

of the exact SVD do in fact decorrelate the rows and columns of A, respectively.

In the second stage, we apply the SMTs obtained from the first stage to input and

output training vectors, and then iteratively search for SMTs that minimize the cost

function in Eq. (2.10).
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First Stage SMT Decomposition Design

We know that, ideally, the SMT F t should decorrelate the rows of the matrix A.

Therefore we can use the method of Section 2.2 to estimate the matrix F from the

matrix A:

F0 ← FastSMTDesign(A). (2.11)

However, this approach is not practical because the matrix A is too large. So in order

to reduce computation, we reduce the number of columns in the matrix A to form a

new P ×N matrix

Ac = AW,

where W is a P × N matrix with i.i.d. N (0, 1) entries. So the columns of Ac are

formed by adding randomly weighted columns of A. We then compute the estimate

of the decorrelating transform as

F0 ← FastSMTDesign(Ac) . (2.12)

Notice that, formed in this manner, the columns of the matrix Ac are in fact i.i.d.

Gaussian random vectors with mean zero and covariance

E

[

1

P
AcA

t
c

]

= AE

[

1

P
WW t

]

At = AAt .

So the basic assumptions of the covariance estimation algorithm are met, and F t
0

should be a good estimate of the decorrelating transform for the rows of A.

Similarly, we compute

T0 ← FastSMTDesign(At
r), (2.13)

where At
r = AtW . This completes the first stage of SMT decomposition design.
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Second Stage SMT Decomposition Design

Once the initial values of the transforms, F and T , are created using the first

stage SMT design, next they can be iteratively improved using the recursion

Fk+1 ← FkUk (2.14)

Tk+1 ← TkVk, (2.15)

where Uk and Vk are both Givens rotations operating on the same coordinate pair

(ik, jk). So in this case, Fk+1 and Tk+1 are still both SMTs.

With each iteration, the specific Givens rotations, Uk and Vk, are chosen to mini-

mize the cost function of Eq. (2.10) subject to the constraint that the previous values

of Fk and Tk remain constant. Substituting the recursions of Eqs. (2.14) and (2.15)

into the cost function of Eq. (2.10) results in

Costk(Uk, Vk, Σ) = ‖Y − FkUkΣV t
k T t

kX‖
2
F + ‖Z − TkVkΣU t

kF
t
kO‖

2
F

= ‖F t
kY − UkΣV t

k T t
kX‖

2
F + ‖T t

kZ − VkΣU t
kF

t
kO‖

2
F

= ‖Yk − UkΣV t
k Xk‖

2
F + ‖Zk − VkΣU t

kOk‖
2
F , (2.16)

where Yk, Xk, Zk, and Ok can be recursively computed by

Yk+1 ← U t
kYk (2.17)

Tk+1 ← V t
k Tk (2.18)

Zk+1 ← U t
kZk (2.19)

Ok+1 ← V t
k Ok (2.20)

with initial values Y0 = F t
0Y , X0 = T t

0X, Z0 = F t
0Z, and O0 = T t

0O. In addition, the

diagonal matrix Σ is initialized as

Σ(i,i) =
〈Y0,(i,·), X0,(i,·)〉+ 〈Z0,(i,·), O0,(i,·)〉

‖X0,(i,·)‖22 + ‖O0,(i,·)‖22
, (2.21)

where X0,(i,·), Y0,(i,·), O0,(i,·), and Z0,(i,·) are the ith row of X0, Y0, O0, and Z0 respec-

tively. The Kth update is then computed by solving the optimization problem

(Uk, Vk, Σ)← arg min
Uk,Vk,Σ

Costk(Uk, Vk, Σ) (2.22)
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subject to the constrains that Uk and Vk are Givens Rotations, and Σ is diagonal.

In order to compute the solution to Eq. (2.22), we will need to determine the

coordinates, (ik, jk), that yield the best reduction in cost. To do this, we will select

the best transformation for each choice of coordinate pairs, and compute the reduction

in cost for that choice. This cost reduction is given by

∆ck(i, j) = ‖Y (i,j)
k − ΣX

(i,j)
k ‖2F + ‖Z(i,j)

k − ΣO
(i,j)
k ‖2F

−‖Y (i,j)
k −BX

(i,j)
k ‖2F − ‖Z

(i,j)
k −BO

(i,j)
k ‖2F (2.23)

where B is an unconstrained 2×2 matrix, and Y
(i,j)
k , X

(i,j)
k , Z

(i,j)
k , and O

(i,j)
k are 2×N

matrices consisting of the ith and jth rows of Yk, Xk, Zk, and Ok, respectively. We

find the transform B that makes the maximum amount of cost reduction. Figure 2.4

illustrates this idea. For a specific pair of coordinates (i, j), maximizing the cost

reduction in Eq. (2.23) is equivalent to minimizing the cost function. So the best

transform for coordinates (i, j) at iteration k is

B
(i,j)
k = arg min

B

{

‖Y (i,j)
k −BX

(i,j)
k ‖2F + ‖Z(i,j)

k − BO
(i,j)
k ‖2F

}

. (2.24)

The solution of the above minimization problem can be obtained by taking the deriva-

tive of the cost function with respect to B and letting it be zero. We obtain the

following expression of B
(i,j)
k for coordinates (i, j)

vec(B
(i,j)
k ) =

(

I ⊗ (O
(i,j)
k (O

(i,j)
k )t) + (X

(i,j)
k (X

(i,j)
k )t)⊗ I

)−1

vec
(

O
(i,j)
k (Z

(i,j)
k )t + Y

(i,j)
k (X

(i,j)
k )t

)

,

(2.25)

where vec(·) represents stacking the columns of a matrix into a column vector, and

⊗ represents Kronecker product.

By substituting the expression of B
(i,j)
k in Eq. (2.25) for B in Eq. (2.23), we

obtain the maximum cost reduction for coordinate pair (i, j). We choose the pair of

coordinates (i, j) with the maximum amount of cost reduction and perform singular

value decomposition of B
(i,j)
k such that

B
(i,j)
k = U

(i,j)
k D

(i,j)
k (V

(i,j)
k )t,
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Fig. 2.4. An illustration of our greedy optimization approach: we
operate on a pair of coordinates in every iteration to minimize the
cost function.



56

[Iarray, Jarray, U , V , Σ] ← SMTSVD(X0, Y0, O0, Z0, Σ, K) {

for k = 1:K

[Iarray(k), Jarray(k)] ← (i, j) with the max cost reduction;

Compute transform matrix B
(i,j)
k according to Eq. (2.25);

Compute SVD of B: B
(i,j)
k = U

(i,j)
k D

(i,j)
k (V

(i,j)
k )t;

U(k)← U
(i,j)
k , V (k)← V

(i,j)
k ;

Update X
(i,j)
k , Y

(i,j)
k , O

(i,j)
k , Z

(i,j)
k , and Σ according to Eqs. (2.26)

and (2.27);

end

}

Fig. 2.5. Pseudo code for iterative design of second stage SMT decomposition.

where U
(i,j)
k and V

(i,j)
k are unitary, and D

(i,j)
k is a diagonal matrix. We then update

X, Y , O, Z as follows

X
(i,j)
k =

(

V
(i,j)
k

)t

X
(i,j)
k−1

Y
(i,j)
k =

(

U
(i,j)
k

)t

Y
(i,j)
k−1

O
(i,j)
k =

(

U
(i,j)
k

)t

O
(i,j)
k−1

Z
(i,j)
k =

(

V
(i,j)
k

)t

Z
(i,j)
k−1 . (2.26)

We also update the diagonal matrix Σ as

Σ(i,i) = D
(i,j)
k,(1,1)

Σ(j,j) = D
(i,j)
k,(2,2). (2.27)

We continue this process until the number of iterations K is reached. The pseudo

code of our algorithm is shown in Fig. 2.5. For an easier mathematical description,

we can substitute the entries (i, i), (i, j), (j, i), (j, j) of an identity matrix of size

P × P with values in V
(i,j)
k to form a Givens rotation matrix Vk. Similarly we can
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construct a Givens rotation matrix Uk, for k = 1, . . . , K. Then the big dense matrix

A is approximated by multiplication of a series of sparse matrices

A ≈ F0U1 · · ·UKΣV t
K · · ·V

t
1 T t

0. (2.28)

In fact, the above equation shows that our algorithm performs an approximate sin-

gular value decomposition of the big dense matrix A.

Neighborhood based search algorithm

Our singular value decomposition algorithm described by Fig. 2.5 contains a com-

putationally expensive part, which is to find the coordinate pair with the maximum

cost reduction. If implemented rigorously, this takes P (P − 1)/2 comparisons, which

makes the complexity of the entire algorithm O(KP 2). However, we can use a neigh-

borhood based approach and a Red-Black tree data structure [34] similar to the graph

based algorithm described in Section 2.2 to dramatically reduce the complexity.

When we search for the pair of coordinates with the maximum cost reduction, we

only consider coordinates that are neighbors of each other. The neighboring coordi-

nates of coordinate i are defined as {i−b, . . . , i−1, i+1, . . . , i+b}, where 2b is the size

of neighborhood. We define this neighborhood relation because in the pre-processing

stage the estimated eigenvalues Λ1 and Λ2 are in descending order. Coordinates with

eigenvalues close to each other tend to be correlated. For each coordinate i, we com-

pute the cost reduction of the coordinate pair (i, j) for each neighbor j, and store

the maximum. In each iteration, we search for the maximum cost reduction among

all coordinates. Since we are using a Red-Black tree to store the maximum cost

reduction for each coordinate, we are guaranteed to have O(log2(P )) complexity of

searching for the maximum. After we update the input and output training vectors

and Σ, we also have to update the maximum cost reduction of related coordinates

and update the Red-Black tree, which is also O(log2(P )). So the computational com-

plexity is reduced to O(Klog2(P )). Therefore, the total complexity of our off-line

SMT design algorithm, including first and second stage, is then O((K0 +K)log2(P )).
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In real applications, K0 and K are both on the same order as P . So the complexity

is O(P log2(P )).

2.3.2 Online computation of matrix-vector product

Our algorithm presented in previous sub-sections factors the big dense matrix into

the product of SMTs and a diagonal matrix. So our original problem of matrix-vector

multiplication in Eq. (2.1) can now be efficiently computed by

ŷ = F0U1 · · ·UKΣV t
K · · ·V

t
1 T t

0x. (2.29)

In the above equation, F0 and T0 are SMTs of order K0, {Uk}k and {Vk}k are all

Givens rotations. If we define r = (K + K0)/P , then by using our algorithm, we just

need 4r +1 multiplies per coordinate to compute the matrix-vector product. For real

application, r is typically a small number (less than 5), so we achieve a significant

amount of reduction in computation from O(P 2) to O(P ).

2.4 Experimental Results

In this section, we show some results for computing the convolution of an image

with a spac-varying stray light point spread function (PSF) [7]. Stray light PSF

features in large spatial support and space-varying property. So in this case, matrix

A in Eq. (2.1) is a large dense matrix, with each column being a stray light PSF,

and x is an image with P pixels. In the iterative algorithm to correct stray light

contamination [7], we need to compute Ax. The entries of A are described by

Ai,j = s(pi, qi; pj , qj),

where (pi, qi) and (pj, qj) are the 2D positions of coordinates i and j. Following the

previously proposed PSF model [3, 4, 6, 7], we have

s(pi, qi; pj, qj) =
1

z

1
(

1 + 1
p2

j+q2
j

(

(pipj+qiqj−p2
j−q2

j )2

(c+a(p2
j+q2

j ))2
+

(−piqj+qipj)2

(c+b(p2
j+q2

j ))2

))α , (2.30)
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Fig. 2.6. Normalized root mean square error for different amount of computation.

where z is a normalizing constant that makes the integral of the PSF equal to 1.

An analytic expression for z is z = π
α−1

(c + a(p2
j + q2

j ))(c + b(p2
j + q2

j )). The model

parameters are (a, b, c, α). We use estimated parameters [31] for an Olympus SP-510

UZ camera in this experiment: a = −1.65 × 10−5 mm−1, b = −5.35 × 10−5 mm−1,

α = 1.31, c = 1.76 × 10−3 mm. In our experiments, we use images of resolution

256× 256, so P = 65536. We set the number of training vectors to be N = 256. In

the first stage, we use K0 = 2P for using the SMT covariance estimation algorithm.

In addition, since for this example, the matrix A is not too far from symmetry, we

use the same transform for F0 and E0. In the second stage, we use natural images as

training inputs. The training output from the first and second stages are computed

using the method proposed in our previous paper [31]. We use normalized root mean

square error (NRMSE) as the distortion metric:

NRMSE =

√

‖ŷ − y‖22
‖y‖22

. (2.31)

A natural 256× 256 image is used as testing input. In Fig. 2.6, we plot the NRMSE

against the number of multiplies performed per coordinate. The NRMSE is computed

over randomly sampled pixels in the output image. From Fig. 2.6, we can see that

the NRMSE goes down to less than 1% with only 12 multiplies per coordinate. If we
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(a) Result from very accurate computation. (b) Result from proposed method.

(c) Difference image.

Fig. 2.7. A comparison between the result using our previous method
and the algorithm proposed in this work: (a) shows the result from
our previous method, (b) shows the result from our currently proposed
algorithm, (c) shows the difference image. The convolution results are
very close to each other.

implement this matrix-vector multiply rigorously, then we need P = 2562 = 65536

multiplies per coordinate. Figure 2.7 shows a comparison between the result of our

previous method and the algorithm proposed in this work. The convolution results

are visually very close to each other. So we can achieve a huge amount of reduction

in computation with only a small amount of error.

2.5 Conclusion

In this work, we propose a fast algorithm for computing a big dense matrix-vector

product using the SMT decomposition. We achieve a reduction of computational

complexity from O(P 2) to O(P ). Our algorithm does not assume any structure of

the matrix and does not need to construct or store the full matrix. Our experi-
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mental results with an example in space-varying convolution with a stray light PSF

demonstrate the capability of our algorithm.

In addition, the offline portion of our algorithm performs an approximate singular

value decomposition of the big matrix by factoring it into the product of a series

of SMTs and a diagonal matrix. We only use several training input and output

vectors to obtain the SMTs. Therefore our algorithm solves the storage problem which

regular singular value decomposition algorithms have when dealing with extremely

large matrices. Plus, we are able to reduce of computational complexity of singular

value decomposition from O(P 3) to O(P log(P )) after the training data is given. It

is worth noting that both SMT and a diagonal matrix is easy to invert: A−1 ≈

T0V1 · · ·VKΣ−1U t
K · · ·U

t
1F

t
0. So when we approximate the linear system with SMTs

and a diagonal matrix in Eq.(2.29), we provide a way to solve the inverse problem by

directly inverting the matrix, without having to resort to iterative methods. This is

our future research direction.



62

3. ACTIVATION DETECTION IN FMRI DATA

ANALYSIS

3.1 Introduction

Functional magnetic resonance imaging (fMRI) is a noninvasive method for study-

ing functional brain anatomy. This technique has been recently finding applications

in fields as diverse as marketing [40,41], surgical planning [42], and forensics [43,44].

It is also being used for describing the neurobiology that underlies decision mak-

ing [45,46], visual perception [47,48], perception of rewards and risks [49], and various

emotions [50, 51].

FMRI images measure the blood oxygenation levels as a function of the location

in the brain. When the subject is presented with a stimulus, related areas of the

brain exhibit increased neuronal activity and thus a change in blood oxygenation

levels. Accurate detection of the regions of the increased activity from fMRI data

would allow establishing which areas of the brain are responsible for processing the

stimulus. However, since the fMRI measurements suffer from severe noise and other

degradations, accurate detection of activated regions is a challenging inverse problem

which has been widely studied in the literature ( [52–62]).

The focus of our study is event-related fMRI which measures the response to

a single short stimulus or a sequence of such stimuli. We develop a framework to

detect activations in event-related fMRI. This framework constructs a forward model

for fMRI data and solves an inverse problem to estimate activation strength at each

pixel, which is then thresholded to produce a binary activation map.

Our forward model requires a parametric model for the hemodynamic response

function (HRF) [63]. HRF models a pixel’s response when stimulated by an ideal

impulse. While our framework is capable of handling any parametric HRF model, we
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work with two of them that are widely used in the prior literature: one is Gamma

Variate model ( [64, 65]), and the other is a sum of two Gamma functions model

( [55, 62, 63]).

To capture the temporal correlation of the data, we adopt the autoregressive

noise model of [66]. We model the spatial correlation of fMRI data, introduced by

the scanner, as the effect of a Gaussian blur. We then develop computationally

efficient procedures to estimate the parameters of the noise model and the width of

the Gaussian kernel. We show through experiments with synthetic data that this

parameter estimation method is accurate.

The parameter estimates are used in the next stage, which is a frame-by-frame

image restoration procedure [67] based on minimizing the total variation (TV) of the

image. TV-based image restoration techniques [68] have been shown to reduce noise

while preserving image edges [69]. These methods have been demonstrated to be

robust to significant amount of noise and blurring, and to be especially well suited to

the situations where the image to be restored is piecewise constant. These properties

make such techniques ideally match our problem of producing a binary activation

map based on very noisy, blurred data.

After restoring the images frame by frame, we compute the maximum a posteriori

(MAP) estimate [70] of the HRF parameters for each pixel. Then the activation map

is produced by thresholding the estimated amplitude parameter map. We employ

the generalized Gaussian Markov random field (GGMRF) model [71] for the prior

distribution of the HRF parameters. GGMRF prior model tends to be edge-preserving

[71], while also imposing spatial regularity on the estimated HRF parameters. Despite

enforcing the spatial regularity of the estimates, this method is robust to different

shapes of HRF waveforms and to spatially-varying HRFs, as we demonstrate through

several experiments. Note that this approach is quite different from previous uses of

MRFs in fMRI analysis, such as in [53] where an MRF was used to regularize the

estimate of the response at every pixel.
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Our framework is tested on both simulated data and real data, and compared

with the widely used general linear model (GLM) method [54], which consists of spa-

tial Gaussian smoothing and linear regression analysis. We assess the performance

by constructing the empirical receiver operating characteristic (ROC) curves for the

synthetic data. We show that our algorithm not only outperforms GLM, but is

also much more robust to the change of spatial regularization parameters and the

change of underlying activation waveforms. For the real data, the performance is

assessed with anatomical analysis and benchmark results from a corresponding block

paradigm experiment. In a block paradigm experiment, one or more stimulus cate-

gories are presented for extended periods of time, either via a long single or repeated

short presentations. In event-related experiments, one or more stimuli are presented

for short durations interleaved either with one another or with no stimulus presen-

tation, resulting in an inter-stimulus interval that is on the order of seconds (i.e., an

appreciable portion of the duration of a hemodynamic response). Block paradigms

provide the best detection power, whereas event-related paradigms are used primar-

ily to facilitate estimation of the time-course of a hemodynamic response. However,

event-related paradigm has many advantages (e.g., ability to observe transient cog-

nitive behavior, lack of subject habituation [72]) in spite of their weaker detection

power. The results of this work suggest that the detection power of event-related

experimentation can be improved to enhance the usefulness of these paradigms.

Our work has four major contributions:

• A forward model for fMRI data which simultaneously characterizes both spatial

and temporal dependencies of the data in a novel way.

• An effective algorithm for estimating the model parameters, including the noise

parameters and the extent of the blur. These estimates not only facilitate our

TV-based image restoration, but also provide us with insight into the nature of

the data, i.e., how noisy and blurry it is.
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• The introduction of TV-based restoration as a very effective preprocessing tool

for fMRI data, to reduce the noise and blurring.

• A novel application of a Markov random field (MRF) model to fMRI analysis

which results in spatially regularized, robust estimates of the HRF parameters.

After reviewing prior literature in Section 3.2, we introduce our contributions in

the subsequent sections. The forward model is described in Section 3.3; the activation

detection algorithm is presented in Section 3.4, its two subsections devoted to the two

components of the algorithm—image restoration and MAP estimation; and the model

parameter estimation methods are introduced in Section 3.5. Our experimental results

are described and discussed in Section 3.6 and Section 3.7.

3.2 Background on FMRI Analysis

3.2.1 The GLM method

The GLM method [54] is the most widely used statistical analysis approach for

detecting activations in fMRI experiments. It adopts a multivariate linear regression

model for the observations in fMRI experiments. For a particular pixel, the general

linear model can be written in matrix form as follows:

Y = GX + e. (3.1)

In the above equation, if we let T be the number of time points (scans), then Y is the

data vector of size T × 1 with one entry for each time point, and G is the design ma-

trix whose columns are models for components contributing to the observed response.

The components can be either stimulus related responses or confounding factors such

as drift terms. In addition, X is the vector of unknown regression coefficients, and

e is the noise term. The elements of e are assumed to be independent and identi-

cally distributed Gaussian random variables. One can perform a statistical test on a

pixel-by-pixel basis and then threshold the statistical parametric map to obtain the
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activation map. For example, if we want to test the activation effect (significance) of

component one at a pixel, then we can introduce the contrast vector c = [1 0 0 . . .]′

and test whether or not there is strong evidence for this activation effect by t-test [63].

The t-statistic for each pixel is

t =
c′X̂

√

(Y −GX̂)′(Y −GX̂)c′(G′G)−1c/r
, (3.2)

where X̂ = (G′G)−1G′Y is the ordinary least squares estimate1 of the regression coef-

ficients, r = T −rank(G), and the prime denotes transpose of a vector. Note that c′X̂

is the estimate of the first regression coefficient and (Y −GX̂)′(Y −GX̂)c′(G′G)−1c/r

is the variance of the estimate. The computed t-statistic follows t distribution with r

degrees of freedom under the null hypothesis of no effect [63]. Larger values of t mean

more confidence of rejecting the null hypothesis. The activation map is obtained by

thresholding this t statistic map. If we want to test the contribution or effect from

multiple columns of the matrix G, we can use F-test instead and compute the F

statistic [63] for each pixel. The experiments conducted in this chapter only involve

testing a single effect, so t statistic is sufficient for simple GLM implementation.

Different design matrices can be used for different applications. For event-related

paradigm analysis, the columns of G can be a model for the impulse response of an

activated pixel or a combination of this impulse response model and its derivative ( [55,

73]) or a Fourier basis [56]. In our experiments, we fit the averaged temporal waveform

in the region of interest to a parametric HRF model, and use the normalized version

of this fitted signal as the first column of our design matrix. We then orthonormalize

the temporal derivative of the HRF with respect to the first column and make it

the second column of our design matrix [73]. Similarly, the third column is the

orthnormalized version of the dispersion 2 derivative of the HRF with respect to the

first two columns. Our contrast vector c = [1 0 0 . . .]′, which means that we only test

1When the noise is correlated, one can either use feasible generalized least squares estimate instead
of ordinary least squares estimate [52], or pre-whiten the data [62]. However, in our implementation
of the GLM method, we assume the noise to be uncorrelated.
2Here we assume that the HRF model contains a parameter that controls the dispersion of the
response. In fact, most widely used HRF models ( [55, 62–65,74]) do contain this parameter.
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the significance of the first column. Note that we remove the drift in the preprocessing

step of our analysis, so the design matrix doesn’t include the drift as a confounding

factor. Finally, due to the severe noise in fMRI data, smoothing each frame of the data

with a Gaussian kernel is applied prior to the statistical analysis to reduce the amount

of noise. This spatial smoothing also plays the role of regularization in the detection

process. However, the extent of smoothing (full width at half maximum (FWHM)

of the Gaussian kernel) is an unknown parameter and is difficult to estimate. This

parameter can much affect the performance of the GLM algorithm.

3.2.2 Spatio-temporal analysis

It is believed that neighboring pixels tend to behave similarly when a stimulus is

presented [75]. Linear regression on a pixel-by-pixel basis only uses the temporal fea-

tures of each pixel, without taking advantage of their underlying spatial correlations.

Thus this method tends to declare isolated active pixels. In many cases, isolated

active pixels are false alarms. So it is common to perform spatial regularization along

with temporal response analysis ( [53, 75–78]) in order to exploit both spatial and

temporal correlations of the data. Both [75] and [77] employ maximum a posteriori

(MAP) estimate of the activation using discrete Markov random field (MRF) as spa-

tial priors. The distinction is that [75] uses binary states of activation, whereas [77]

assumes multiple states incorporating the anatomical information. Continuous MRF

is used in [53] to perform spatio-temporal restoration of the fMRI data and to produce

the parameter map. This spatio-temporal restoration is more appropriate for block

paradigm data, since the ideal response of event-related paradigm is not smooth in the

temporal domain. A fully Bayesian spatio-temporal model is proposed in [78]. Prior

distributions of the signal and noise parameters as well as corresponding hyper-priors

are assigned. Spatial regularization is imposed on the noise parameters but not on

the signal parameters. Markov-Chain Monte-Carlo (MCMC) simulation is performed

to generate samples from the full joint posterior distribution, and thus facilitates the
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estimation of the parameters. In [76], a cost function consisting of a weighted com-

bination of the negative Gaussian log-likelihood function and an l1 norm constraint

on the variability of the signal parameters is proposed. In each iteration of the mini-

mizer, soft thresholding is applied in the wavelet domain of the signal parameters in

order to approximately perform l1 regularization.

3.3 Model Formulation

Real fMRI data is 4D: It has three spatial dimensions and one temporal dimen-

sion. However, for notational convenience as well as for the ease and speed of our

implementations and experiments, we assume 3D data yi,j,t where i and j index two

spatial dimensions, and t is a discrete time parameter. This dimension reduction is

also due to the fact that the data are generally acquired as 2D slices. If the data

come from 3D acquisition, then we should use 4D formulation instead.

In this chapter, we focus on event-related fMRI where the ideal response of a pixel

is its impulse response, which is commonly referred to as the hemodynamic response

function (HRF). Several parametric models have been proposed for the HRF, for

example, the difference of two gamma functions [55], and a simple gamma variate

( [64] and [59]). Any HRF model would fit into our framework. We use hi,j,t(θi,j) to

denote the HRF at pixel (i, j) with parameter set θi,j. One of the parameters in θi,j

must be an amplitude parameter that characterizes signal intensity.

In addition, each pixel’s hemodynamic response is subject to physiological noise

ωi,j,t, i.e., noise arising due to the subject’s heartbeat, breathing, etc. This noise

process is stationary over time [79]. We model this noise as an additive AR(1) process,

following ( [79] and [66]). In other words, the physiological noise is modeled as the

output of the following linear system driven by white noise ǫi,j,t:

ωi,j,t = ρωi,j,t−1 + ǫi,j,t. (3.3)

We assume that the white noise ǫi,j,t is zero-mean. The parameters of this model

are therefore ρ (which we assume to be a real number between 0 and 1) and the
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standard deviation σǫ of the noise ǫi,j,t. We assume each of these parameters to

be the same for all pixels and all times following the stationarity property of the

noise process [79]. Therefore, the noise variance remains constant for each frame.

This assumption is used in our total variation formulation and parameter estimation

algorithm introduced in the next two sections.

In addition, it is common to assume the presence of an additive baseline m, which

is the signal level when no stimulus is presented [63]. However, we assume that an

accurate estimate of the baseline may be obtained by averaging the response values

measured when no stimulus is applied. This estimate can then be subtracted from

the data. Therefore, in the remainder of the chapter we assume zero baseline.

The sum of the HRF and the physiological noise hi,j,t(θi,j)+ωi,j,t is subject to two

further types of degradation introduced by the scanner: spatial blurring and noise.

The spatial blurring comes from the fact that in any practical MRI experiment,

the resolution is limited [80], and it can be modeled as convolution with a point

spread function. We use a spatially isotropic Gaussian kernel gi,j with zero mean and

standard deviation σ to model this point spread function. We model scanner noise as

additive white noise ηi,j,t with zero mean and standard deviation ση which is assumed

to be a constant both spatially and temporally. Putting all the pieces together results

in the following model for the observed data:

yi,j,t =
∑

k

∑

l

gk,l(hi−k,j−l,t(θi,j) + ωi−k,j−l,t) + ηi,j,t. (3.4)

3.4 Activation Detection

Our activation detection algorithm first restores the HRF hi,j,t(θi,j) from the data

yi,j,t, and then computes the MAP estimate of the parameter set θi,j of the HRF.

Finally, we generate an activation map through thresholding the parameter map.

The remainder of this section describes the TV-based restoration algorithm and

the MAP estimate of the HRF parameters. The image restoration algorithm relies

on the estimates of the following model parameters: the standard deviation σ of the
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Gaussian blurring kernel, the physiological noise parameters ρ and σǫ, and the scanner

noise parameter ση. The procedures for estimating these parameters are developed

in the next section.

3.4.1 TV-based image restoration

The first part of our activation detection algorithm is accomplished through a

total-variation (TV) based restoration algorithm [68] which is applied frame by frame—

in other words, the data {yi,j,t}i,j is restored for each fixed value of t. We therefore

drop the t index for notational convenience. We denote the combined contribution of

the physiological and scanner noise to pixel (i, j) in Eq. (3.4) by vi,j:

vi,j ≡
∑

k

∑

l

gk,lωi−k,j−l + ηi,j. (3.5)

With this notation, our model of Eq. (3.4) can be rewritten as follows:

yi,j =
∑

k

∑

l

gk,lhi−k,j−l + vi,j . (3.6)

We formulate the following constrained total variation minimization problem, where

we assume that our images are N ×N :

min
{hi,j}

∑

i

∑

j

√

(hi+1,j − hi,j)2 + (hi,j+1 − hi,j)2

subject to Eq. (3.6) (3.7)

and to
1

N2

∑

i

∑

j

v2
i,j ≤ σ2

v .

We follow [67] and use second-order cone programming (SOCP) to solve this opti-

mization problem. Our SOCP is almost identical to that in [67], with the exception of

the additional blurring term in the constraint of Eq. (3.6). This SOCP is solved using
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interior point method through MOSEK software [81]. The constraint parameter σ2
v

is an estimate of the total noise variance, which can be obtained as follows:

σ2
v = E[v2

i,j ]− E[vi,j]
2

= E





(

∑

k,l

gk,lωi−k,j−l + ηi,j

)2




=
∑

k,l

g2
k,lE[ω2

i−k,j−l] + E[η2
i,j ]

=

(

∑

k,l

g2
k,l

)

σ2
ǫ

1− ρ2
+ σ2

η. (3.8)

Section 3.5 shows how to estimate all the parameters used on the right-hand side of

the last line in this equation.

The result of performing the above optimization is a set of estimates of HRF, at

every pixel location, and for every time t. We denote these estimates by ĥi,j,t. The

second stage of our activation detection algorithm uses ĥi,j,t in conjunction with the

HRF model to produce a MAP estimate of the parameter set θ̂i,j for every pixel.

3.4.2 MAP estimation

After TV-based image restoration, we obtain restored data ĥi,j,t. The ideal case

is that ĥi,j,t is free of noise and blur. However, due to errors in estimation and

restoration, there are still residual errors after image restoration. We assume the

following model for the restored data:

ĥi,j,t = hi,j,t(θi,j) + ei,j,t. (3.9)

We assume that the noise terms are independent and identically distributed Gaussian

random variables with standard deviation σe. We let ĥi,j denote the temporal vector

of the restored data at pixel (i, j), and let hi,j(θi,j) denote the HRF at pixel (i, j).
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Then the conditional probability density function of the restored data at pixel (i, j)

given the parameters is:

p(ĥi,j|θi,j) =
1

(2π)T/2σT
e

exp

{

−
‖ĥi,j − hi,j(θi,j)‖22

2σ2
e

}

, (3.10)

where T is the number of the time points in the response. If the parameter set θi,j

for every pixel (i, j) contains R parameters θ
(1)
i,j , . . ., θ

(R)
i,j , we let θ(r) be the vector of

the r-th parameter values for all pixels, for r = 1, . . . , R. We assume that, given the

restored data, the parameters θ(1), . . . , θ(R) are conditionally independent. We model

each of them as the following generalized Gaussian Markov random field:

p(θ(r)) =
1

zr
exp







−
1

qσq
r

∑

{(i,j),(k,l)}∈C

Ki−k,j−l|θ
(r)
i,j − θ

(r)
k,l |

q







for r = 1, . . . , R, (3.11)

where C = {{(i, j), (k, l)}|(k, l) is in the 8-point neighborhood of (i, j)}, zr is a nor-

malizing constant, σr is a regularization parameter. The value of q is usually chosen

to be between 1 and 2 to produce regularized estimation that preserves the edges [71].

In most of our experiments, q = 1.2; however, as described below, we also tried differ-

ent values of q to demonstrate that our algorithm is not very sensitive to parameter

variations. We choose the spatial weights Ki,j to be 1/6 for i2 + j2 = 1 and 1/12

for i2 + j2 = 2. Because the R parameters are assumed to be independent, the joint

posterior distribution can be written as

p(θ(1), . . . , θ(R)|ĥ) =
∏

(i,j)

p(ĥi,j|θ
(1), . . . , θ(R))p(θ(1)) · . . . · p(θ(R))/p(ĥ), (3.12)

where ĥ is the restored data for all pixels and all time points. The MAP estimates

of the HRF parameters are

{θ(1), . . . , θ(R)} = arg maxθ(1),...,θ(R)p(θ(1), . . . , θ(R)|ĥ). (3.13)
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Maximizing the joint probability distribution is equivalent to minimizing the negative

log of it. Therefore the cost function to be minimized is given by the following

equation:

c(θ(1), . . . , θ(R)) =
1

2σ2
e

∑

(i,j)

‖ĥi,j −hi,j(θi,j)‖
2
2 +

∑

{(i,j),(k,l)}∈C

Ki−k,j−l

R
∑

r=1

1

qσq
r
|θ(r)

i,j − θ
(r)
k,l |

q.

(3.14)

This equation is obtained by taking the negative log of the right-hand side of Eq. (3.12),

substituting Eqs. (3.10) and (3.11), and getting rid of the constant terms that do not

depend on the parameters θ(1), . . . , θ(R). We use the iterative coordinate descent

(ICD) algorithm [82] to perform optimization of this cost function. The ICD al-

gorithm works by iteratively updating parameter estimates at individual pixels to

minimize the cost function. After we obtain the MAP estimates of the HRF parame-

ters, we threshold the amplitude parameter of each pixel to get the binary activation

map.

3.5 Model Parameter Estimation

The model parameters can be estimated from the fMRI data obtained from regions

not anticipated to be active, or obtained from baseline scans conducted in addition

to the task scans. This results in the following simplified version of Eq. (3.4) for

t = 1, . . . , T :

yi,j,t =
∑

k

∑

l

gk,lωi−k,j−l,t + ηi,j,t. (3.15)

We use these observations to estimate the model parameters in Eq. (3.8): the width

σ of the Gaussian blurring kernel, the physiological noise parameters ρ and σǫ, and

the scanner noise parameter ση. We rasterize the data and the three noise pro-

cesses, for each time t, to define four vectors yt, ωt, ǫt, and ηt. For example,

yt = (y1,1,t, . . . , y1,N,t, y2,1,t, . . . , y2,N,t, . . . , yN,N,t)
′ for t = 1, . . . , T , where the prime

denotes the transpose of a vector. We let A be the Gaussian filtering matrix—i.e.,
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the matrix representing the convolution with the spatial Gaussian blurring kernel.

Using this notation, Eqs. (3.3) and (3.15) can be rewritten, respectively, as follows:

ωt = ρωt−1 + ǫt,

yt = Aωt + ηt.

Our algorithm for estimating the noise parameters ρ, σǫ and ση is based on their rela-

tionships with the auto-correlation function of yt which can be easily demonstrated:

E[y′
tyt] =

σ2
ǫ

1− ρ2
trace{AA′}+ N2σ2

η, (3.16)

E[y′
tyt−1] =

ρ

1− ρ2
σ2

ǫ trace{AA′}, (3.17)

E[y′
tyt−2] =

ρ2

1− ρ2
σ2

ǫ trace{AA′}. (3.18)

We denote r , E[y′
tyt], r1 , E[y′

tyt−1], r2 , E[y′
tyt−2]. We use the following standard

estimates of the auto-correlations r, r1, and r2:

r̂ =
1

T

T
∑

t=1

N
∑

i=1

N
∑

j=1

y2
i,j,t, (3.19)

r̂1 =
1

T − 1

T
∑

t=2

N
∑

i=1

N
∑

j=1

yi,j,tyi,j,t−1, (3.20)

r̂2 =
1

T − 2

T
∑

t=3

N
∑

i=1

N
∑

j=1

yi,j,tyi,j,t−2. (3.21)

If we let the row of A corresponding to pixel (i, j) be ai,j, then trace{AA′} =

N2‖ai,j‖
2
2. Note that ‖ai,j‖

2
2 is the same for all rows and is only a function of σ.

We denote this function by α(σ). Substituting the estimates of Eqs. (3.19-3.21) into

Eqs. (3.16-3.18), replacing trace{AA′} with N2α(σ), and solving for the noise param-

eters, we get the following estimates of the noise parameters:

ρ̂ = r̂2/r̂1, (3.22)

σ̂ǫ =

√

r̂1(1− ρ̂2)

ρ̂ N2α(σ)
, (3.23)

σ̂η =

√

r̂ − r̂1/ρ̂

N2
. (3.24)
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The estimation of the standard deviation σ of the Gaussian blurring kernel is

based on its relationship with the covariance between pixels. Since we are observing

non-activated pixels, the expected values of the observations of yi,j,t are 0. Thus the

covariance between two pixels which are a distance c apart is equal to E[yi,j,tyk,l,t]

where (i− k)2 + (j − l)2 = c2. It can be easily shown that:

E[yi,j,tyk,l,t] =
σ2

ǫ 〈ai,j , ak,l〉

1− ρ2
. (3.25)

Note that 〈ai,j, ak,l〉 is a only a function of σ and of the distance c between pixels (i, j)

and (k, l). We denote this function by βc(σ). We use the following standard estimate

of E[yi,j,tyk,l,t]:

1

NcT

∑

t

∑

i,j,k,l: (i−k)2+(j−l)2=c2

yi,j,tyk,l,t

for every pair of pixels (i, j) and (k, l) which are distance c apart. Here, Nc is the total

number of such pairs. We assume that the covariance estimates for pairs of pixels

that are more than a distance of 2 apart are too noisy to be of use in estimating σ. We

form the following sum of squared differences between the theoretical and estimated

values of E[yi,j,tyk,l,t] for (i− k)2 + (j − l)2 = c2 where c2 = 1, 2, 4:

S =
∑

c2=1,2,4

(

σ2
ǫ βc(σ)

1− ρ2
−

1

NcT

∑

t

∑

i,j,k,l: (i−k)2+(j−l)2=c2
yi,j,tyk,l,t

)2

. (3.26)

We then substitute into Eq. (3.26) the estimates of ρ and σǫ from Eqs. (3.22) and (3.23).

This makes S a function of σ and the data only. We then estimate the value of σ by

minimizing S with respect to σ.

Our parameter estimation strategy is tested on simulated data. The data set

consists of 400 Monte Carlo simulations. Each simulation is of size 32 × 32 × 270,

representing image size of 32 × 32 and 270 time points. The noise realizations are

simulated following the noise model stated in Eqs. (3.3,3.5). We construct three

datasets, with three different levels of noise. We use σǫ = ση = 0.5, σǫ = ση = 1,

and σǫ = ση = 2, resulting in the overall noise standard deviations of σv = 0.54,

σv = 1.09, and σv = 2.17, respectively, as computed through Eq. (3.8). The remaining
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Fig. 3.1. Model parameter estimation results. Solid blue lines with
diamonds denote true parameter values. Dashed black lines with
squares denote their estimates. Error bars are ± one standard de-
viation of the estimates.

parameters are fixed at ρ = 0.75 and σ = 1. The parameter estimation results are

shown in Fig. 3.1, where the dashed lines with squares are the estimates and the solid

lines with diamonds are the true values. The error bars are ± one standard deviation

of the estimates. It can be seen that our approach produces estimates very close to

the true values, and results in small standard deviations (within 5%) of estimates.

3.6 Synthetic Data Experiments

3.6.1 HRF Models

Our proposed activation detection algorithm can be used in conjunction with any

HRF model. Two widely used HRF models are adopted in experimental evaluations
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of our algorithm. The first model is a Gamma Variate model [64] which describes the

HRF for any activated pixel (i, j) as follows:

hi,j,t =











xi,j

(

t− δi,j

τi,j

)2

e
−

t−δi,j
τi,j t ≥ δi,j ,

0 t < δi,j,

(3.27)

where the parameters xi,j , δi,j, and τi,j have the following interpretations:

• 4xi,j/e
2 is the peak amplitude of the response;

• δi,j is the delay between the presentation of the stimulus and the onset of the

response;

• τi,j is the dispersion parameter, and 2τi,j is the time from the onset of the

response to its peak.

Therefore, the parameter set θi,j at pixel (i, j) equals {xi,j, δi,j , τi,j}. The correspond-

ing regularization parameters in the GGMRF model are σx, σδ, and στ . Also note

that, for every non-activated pixel (i, j), hi,j,t is equal to 0.

The second model ( [55,62,65,83]) is a sum of two Gamma functions and accounts

for the undershoot behavior of the hemodynamic response. In this model, the HRF

for any activated pixel (i, j) is described as:

hi,j,t = xi,j







(

t

a
(1)
i,j b

(1)
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(
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e
−

t−a
(2)
i,j

b
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(2)
i,j






, (3.28)

where xi,j controls the amplitude of the response, ci,j is the amount of undershoot,

and the remaining parameters {a(1)
i,j , b

(1)
i,j , a

(2)
i,j , b

(2)
i,j } control the shape of the curve,

including the peak time and the undershoot time. Note that b
(1)
i,j is the dispersion

parameter. The parameter set θi,j at pixel (i, j) equals {xi,j , a
(1)
i,j , b

(1)
i,j , a

(2)
i,j , b

(2)
i,j , ci,j}.

The corresponding regularization parameters in the GGMRF model are σx, σa(1) , σb(1) ,

σa(2) , σb(2) , σc.
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3.6.2 Simulated Data

We conduct an experiment to test the performance of the proposed activation

detection approach on synthetic data. Our synthetic dataset is of size 64× 64× 135,

representing 2D images of size 64×64 collected at 9 trials with 15 time points (repre-

senting 15 seconds) in each trial. Following our model formulation in Eqs. (3.3,3.4), we

generate two sets of simulation data corresponding to the two HRF models described

in Eqs. (3.27, 3.28). The correct parameters of the first HRF for each activated pixel

(see Eq. (3.27)) are δi,j = 2, τi,j = 1.5, and peak amplitude of 1, which corresponds

to xi,j = e2/4. The correct parameters of the second HRF for each activated pixel

(see Eq. (3.28)) are xi,j = 1, a
(1)
i,j = 8, b

(1)
i,j = 0.5, a

(2)
i,j = 15, b

(2)
i,j = 0.5, ci,j = 0.2. We

simulate two shapes of activation region: one is a 20× 20 square, the other is a circle

with radius 10. The data is corrupted with a spatial Gaussian blur, following our

model formulation in Section 3.3. The width of Gaussian kernel is σ = 1. The data

is also corrupted with AR(1) noise and white Gaussian noise. The contrast-to-noise

ratio (CNR) is defined as the ratio between peak signal intensity and the standard

deviation of noise which can be computed as the square root of the right-hand side of

Eq. (3.8). In our experiment, CNR is set to be 0.5. We first average among the trials

to obtain a dataset of size 64×64×15, then we restore the images frame by frame, and

then we compute the MAP estimate of the HRF parameters at each pixel. Finally, we

produce the activation map by thresholding the amplitude parameter xi,j . Figure 3.2

shows an example of TV-based image restoration for a single image. This image is

the frame which contains peak signal intensity. The corrupted image in Fig. 3.2 has

a signal-to-noise ratio (SNR) of -8.15 dB, whereas the restored image has an SNR of

9.22 dB.
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(a) Ideal image. (b) Corrupted image. (c) Restored image.

Fig. 3.2. Example of TV-based image restoration: (a) Noise and blur
free image, (b) Image corrupted with noise and blur, (c) Restoration
result.
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3.6.3 Synthetic Data Experiment 1: Comparison to Three Other Meth-

ods

We perform a Monte-Carlo run consisting of 50 simulations, and compare our

proposed method, TV-based image restoration followed by MAP estimation of HRF

parameters, with the GLM method ( [54, 55, 63]) which consists of spatial smooth-

ing followed by linear regression. Note that both methods in this experiment are

implemented with knowledge of the correct functional form of the HRF, but no infor-

mation about the true HRF parameters. For the first HRF model, the regularization

parameters in our proposed algorithm are set as follows: σe = 1, σx = 3, σδ = 1,

στ = 1, q = 1.2. For the second HRF model, the regularization parameters are set

as follows: σe = 1, σx = 1, σa(1) = 10, σb(1) = 0.5, σa(2) = 10, σb(2) = 0.5, σc = 0.3,

q = 1.2. We use the same set of regularization parameters across all simulations. In

the GLM framework, we try different full width at half maximum (FWHM) of the

Gaussian kernel for spatial smoothing. Assuming pixel dimension to be 2.7mm ×

2.7mm, we use FWHM of size 5mm, 10mm, and 20mm respectively. As described in

Section 3.2.1, we average the temporal signal in the region of interest and fit it to the

HRF model. The normalized version of the least squares fit is assigned as the first

column of the design matrix in linear regression. In this case, the region of interest

is the quadrant where the activation area lies. In a real situation, the region of in-

terest would be the functional area of the brain related to the stimulus. The second

and third columns are the orthonormalized version of the temporal and dispersion

derivatives of the fitted HRF.

For the 50 simulations, we generate empirical receiver operating characteristic

(ROC) curves for both our proposed algorithm and the GLM method by varying

their thresholds for detecting activation. The correct detection rate is plotted against

the false alarm rate in Fig. 3.3 for the Gamma Variate HRF model, and in Fig. 3.4 for

the sum of two Gamma functions HRF model. The top and bottom panels in each

figure represent the results for the square and circular activation regions, respectively.
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(a) ROC curves for square activation region.
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(b) ROC curves for circular activation region.

Fig. 3.3. Performance comparison among different methods on the
synthetic data for the Gamma Variate HRF model in Eq. (3.27). Red
lines represent ROC curves of proposed algorithm. Black lines rep-
resent ROC curves of GLM framework using 5mm FWHM Gaussian
kernel for spatial smoothing. Green lines represent ROC curves of
GLM framework with 10mm FWHM Gaussian kernel. Blue lines rep-
resent ROC curves of GLM framework with 20mm FWHM Gaussian
kernel. Error bars on each line indicate ± twice the standard deviation
of the correct detection rates for the corresponding method.
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(a) ROC curves for square activation region.
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(b) ROC curves for circular activation region.

Fig. 3.4. Performance comparison among different methods on the
synthetic data for the sum of two Gamma functions HRF model in
Eq. (3.28). Red lines represent ROC curves of proposed algorithm.
Black lines represent ROC curves of GLM framework using 5mm
FWHM Gaussian kernel for spatial smoothing. Green lines represent
ROC curves of GLM framework with 10mm FWHM Gaussian ker-
nel. Blue lines represent ROC curves of GLM framework with 20mm
FWHM Gaussian kernel. Error bars on each line indicate ± twice the
standard deviation of the correct detection rates for the corresponding
method.
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Error bars indicate ± twice the standard deviation of the correct detection rate in

50 Monte-Carlo simulations. In the legend, ”TV+MAP” denotes our proposed al-

gorithm, ”GLM with FWHM=5mm” denotes the GLM method with 5mm FWHM

Gaussian smoothing kernel, ”GLM with FWHM=10mm” denotes the GLM method

with 10mm FWHM Gaussian smoothing kernel, and ”GLM with FWHM=20mm”

denotes the GLM method with 20mm FWHM Gaussian smoothing kernel.

From the ROC curves, we can tell that our proposed algorithm outperforms the

GLM framework with all three different widths of Gaussian kernel at low false alarm

rate. We also try wider smoothing kernels for the GLM method on the same synthetic

data as in Fig. 3.3. The performance further degraded as FWHM gets larger than

20mm.

We show an example of the parameter maps before thresholding for both al-

gorithms in Fig. 3.6. The data in this example is one simulation in the synthetic

dataset for the Gamma Variate HRF model with circular activation region. Visu-

ally, the parameter maps produced by GLM with FWHM=5mm and FWHM=10mm

are not as clean as our algorithm, and the parameter map produced by GLM with

FWHM=20mm is oversmoothed. Oversmoothed parameter maps tend to produce

lower correct detection rate at low false alarm rate, since locality is lost. At high

false alarm rate, oversmoothed parameter maps produce high detection rate if the

activated pixels are clustered together (as in our case). In order to see which re-

gion of the ROC is more meaningful to compare the performance, we need to de-

termine a reasonable threshold to produce the binary activation map. We choose to

threshold the parameter maps such that the number of declared active pixels is equal

to the truely active pixels, then the binary activation maps are shown in Fig. 3.7.

The false alarm rates for this threshold are 0.32%, 0.79%, 0.55%, and 0.66% for

our proposed method, GLM with FWHM=5mm, GLM with FWHM=10mm, and

GLM with FWHM=20mm respectively. The correct detection rates for this thresh-

old are 96.07%, 90.16%, 93.11%, and 91.80% for our proposed method, GLM with

FWHM=5mm, GLM with FWHM=10mm, and GLM with FWHM=20mm respec-
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(a) ROC curves for square activation region.
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(b) ROC curves for circular activation region.

Fig. 3.5. ROC curves of the GLM method for different amount
of spatial smoothing. Blue lines represent ROC curves for
FWHM=20mm Gaussian kernel. Cyan lines represent ROC curves
for FWHM=30mm Gaussian kernel. Magenta lines represent ROC
curves for FWHM=40mm Gaussian kernel. Error bars on each line
indicate ± twice the standard deviation of the correct detection rates.
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(a) Parameter map produced by TV+MAP. (b) Parameter map produced by GLM with FWHM=5mm.

(c) Parameter map produced by GLM (d) Parameter map produced by GLM

with FWHM=10mm. with FWHM=20mm.

Fig. 3.6. Parameter maps produced by our proposed algorithm
and the GLM framework with different extent of spatial smooth-
ing: (a) Amplitude map produced by our proposed algorithm, (b)
T-statistic map produced by the GLM method with FWHM=5mm
Gaussian smoothing kernel, (c) T-statistic map produced by the
GLM method with FWHM=10mm Gaussian smoothing kernel, (d)
T-statistic map produced by the GLM method with FWHM=20mm
Gaussian smoothing kernel.
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(a) Activation map produced by (b) Activation map produced by

TV+MAP. GLM with FWHM=5mm.

(c) Activation map produced by (d) Activation map produced by

GLM with FWHM=10mm. GLM with FWHM=20mm.

Fig. 3.7. Activation maps produced by our proposed algorithm and
the GLM framework with different extent of spatial smoothing: (a)
Activation map produced by our proposed algorithm, (b) Activa-
tion map produced by the GLM method with FWHM=5mm Gaus-
sian smoothing kernel, (c) Activation map produced by the GLM
method with FWHM=10mm Gaussian smoothing kernel, (d) Activa-
tion map produced by the GLM method with FWHM=20mm Gaus-
sian smoothing kernel. The threshold is set such that the number of
declared active pixels is equal to the number of truely active pixels.

tively. We can see from the ROC curves that our algorithm performs much better

than GLM at around 0.5% false alarm rate or around 93% correct detection rate. In

real experimental settings, we don’t know the number of truely active pixels. So we

need to set some threshold after we obtain the parameter map. The thresholding

strategy is discussed in Section 3.7.1.

In addition, note that for the GLM framework, the performance degrades a lot

when we change the FWHM from 10mm to 5mm. We will show in the next subsection

that our algorithm is much more robust to the change of parameters.
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3.6.4 Synthetic Data Experiment 2: Insensitivity to Parameter Varia-

tions

We now demonstrate that our algorithm is robust to the changes of the regular-

ization parameters. To this end, we vary the regularization parameters σe, σx, σδ, στ ,

and q in the MAP estimation stage of our algorithm, and recompute the results. We

use the dataset with a circular activation region from the previous experiment. We

change one or two parameters at a time and keep all others the same as the values

previously described. We show the resulting empirical ROC curves in Fig. 3.8. Fig-

ure 3.8(a) shows the ROC curves for σe = 0.5, 1, 1.5. Figure 3.8(b) shows the ROC

curves for σx = 2, 3, 4. Figure 3.8(c) shows the ROC curves for σδ = στ = 0.5, 1, 1.5.

Figure 3.8(d) shows the ROC curves for q = 1.05, 1.2, 1.35. We observe very small

variations in ROC curves when the parameters are varied quite substantially. The

largest difference in the correct detection rate under the same false alarm rate is less

than 1%. None of the differences are statistically significant—i.e., all of them are

within the error bars.

3.6.5 Synthetic Data Experiment 3: Robustness to the Incorrect HRF

Model

In the first two experiments, the detection algorithms use the same HRF model

as the one used for generating the synthetic data. Since in real-data experiments,

the “correct” HRF model is not known, activation detection algorithms must not be

sensitive to the exact form of the HRF model. In order to demonstrate the robust-

ness of our algorithm, we generate the synthetic data using the Cox waveform [74],

and detect the activation with the Gamma Variate HRF model in Eq. (3.27). The

simulated dataset we use is the same the one with circular activation region described

in Section 3.6.2, except that we replace the true activation waveform with the Cox

waveform. The parameter settings are: delay time = 2 seconds, rise time = 3 seconds,

fall time = 3 seconds, undershoot = 20%, restore time = 2 seconds, peak amplitude
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(a) σe is changed. (b) σx is changed.
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(c) σδ and στ are changed. (d) q is changed.

Fig. 3.8. Comparison of partial ROC curves with different parameter
settings in the regularized HRF parameter estimation stage. (a) σe

is changed. (b) σx is changed. (c) σδ and στ are changed. (d) q is
changed.
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Fig. 3.9. Performance comparison on the synthetic data using the Cox
waveform as the activation waveform. Gamma Variate HRF model
in Eq. (3.27) is used in detection. Red lines represent ROC curves
of proposed algorithm. Black lines represent ROC curves of GLM
framework using 5mm FWHM Gaussian kernel for spatial smoothing.
Green lines represent ROC curves of GLM framework with 10mm
FWHM Gaussian kernel. Blue lines represent ROC curves of GLM
framework with 20mm FWHM Gaussian kernel. Error bars on each
line indicate ± twice the standard deviation of the correct detection
rates for the corresponding method.

= 1. The regularization parameters in our algorithm are the same as those used in

Fig. 3.3. The resulting ROC curves are shown in Fig. 3.9. The ROC of our algo-

rithm looks very similar to the one in Fig. 3.3(b), however the ROC curves of the

GLM framework is much lower. This means that our algorithm is robust to incorrect

modeling of HRF, however the GLM framework suffers a lot from it.

3.6.6 Synthetic Data Experiment 4: Different HRFs at Different Pixels

In the first three experiments, we use the same activation waveform for all acti-

vated pixels when generating synthetic data. However, the activation waveform could

vary depending on the region of activation [84]. Therefore, assuming spatially con-

stant activation waveform may not be appropriate. In order to test our algorithm
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under this scenario, we generate another set of synthetic data similar to the previ-

ously used synthetic dataset, but with two activated regions, each with a different

HRF. Specifically, the activation regions are two 15× 15 squares with the two HRFs

shown in Fig. 3.10. The two HRFs are obtained by using different delay and peak

times in the Gamma Variate model. We keep all other settings the same as in the

previous synthetic dataset. Figure 3.11 shows two frames at the peak times (t = 3

and t = 5) of the two HRFs in the synthetic dataset averaged over trials. We perform

Monte-Carlo simulations and obtain the ROC curves for the four methods mentioned

in Section 3.6.2 as in Fig. 3.12. The region of interest for constructing the regres-

sor is the upper half of the image. We can see that the GLM framework performs

very poorly in this case, much worse than in the first three experiments. GLM with

the best choice of Gaussian kernel width (FWHM=10mm) only achieves 80% correct

detection rate under 0.7% false alarm rate, whereas our proposed algorithm is able

to achieve 94% correct detection rate under the same false alarm rate. The reason

for this is not difficult to see. Incorporating the temporal and dispersion derivatives

into the design matrix of GLM helps to capture the variation of delay time and dis-

persion of activation waveforms. This is in fact equivalent to first order Taylor series

approximation. In other words, a small perturbation of the delay time parameter

and the dispersion parameter of the HRF can be approximated by first order Taylor

series expansion. This linear approximation can be written in matrix form as GX

in Eq. 3.1. However, when the true activation waveform is much different from the

nominal one, then this approximation is no longer good enough, whereas our para-

metric model allows enough freedom for the delay time and dispersion parameters to

fit the activation waveform. Therefore, the performance of our algorithm is better

than GLM when we have different activation waveforms for different pixels.
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Fig. 3.10. Two HRFs with different delay time and peak time.

(a) t = 3 (b) t = 5

Fig. 3.11. Two frames at the peak times of two HRFs in the synthetic dataset.
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Fig. 3.12. Comparison of ROC curves between four methods on a
synthetic dataset with two activation areas, each with a different HRF.
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3.7 Real Data Experiments

We use the data from a visual stimulus experiment [59] to test our algorithm. A

flashing checkerboard presented to the left and right visual hemifields in an alternating

fashion was used as the stimulus. In this event-related paradigm, the stimulus dura-

tion was 1s with a 15s inter-stimulus interval. The experiment consisted of nine trials

for each type of stimulus, with each trial lasting 15 time points. A block paradigm

experiment (30s block duration) was also conducted as a benchmark.

As described in [85] and [59], experiments were conducted at the Indiana Univer-

sity School of Medicine using a 1.5T GE Signa LX Horizon. A visual surface coil

(Nova Medical, Inc., Wilmington, MA) was used to obtain images of 10 slices, per-

pendicular to the Calcarine fissure with slice thickness 3.8mm. A spiral echo-planar

imaging (EPI) sequence was used (TR/TE = 1s/40ms, FOV = 24cm2, matrix =

64× 64, flip angle = 90◦). Motion correction and second order detrending [63] were

conducted using AFNI [74] as preprocessing of the data.

3.7.1 Real Data Experiment 1: Qualitative Evaluation of Activation Re-

gions

We compare our proposed algorithm and the GLM method using the event-related

experimental data. We also use the corresponding block paradigm result obtained

with AFNI [74] as benchmark, since the block paradigm maximizes detection power

and provides a meaningful ground-truth. In our approach, we use the data corre-

sponding to the right hemifield stimulus as training data to obtain regularization

parameters (i.e., we adjust the regularization parameters so that activation is mainly

detected in the visual cortex), and apply the same set of parameters on the data

corresponding to the left hemifield stimulus. The regularization parameters that we

use for the Gamma Variate HRF model in Eq. (3.27) are σe = 1, σx = 200, σδ = 1000,

στ = 2000, and q = 1.2. The regularization parameters for the two Gamma functions

HRF model are σe = 0.1, σx = 1, σa1 = 200, σa2 = 200, σb1 = 10, σb2 = 10, σc = 5,
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and q = 1.2. In order to obtain a binary activation map, we need to determine

a reasonable threshold level for all methods under comparison. In the next three

subsections, we list three thresholding strategies for our experiment.

Thresholding p-values

Without any knowledge of the underlying distribution of the amplitude estimates

using our approach, we can consider the estimates over the region of no interest and

find the threshold corresponding to a certain p-value. In our experiment, we consider

the visual cortex as the region of interest. It is assumed that the null hypothesis

of no activation is true everywhere inside the region of no interest. Therefore, the

threshold on amplitude estimates corresponding to a certain p-value is set such that

the proportion of amplitude estimates in this region over this threshold is equal to that

p-value. If the region of no interest is not easily identified, then a baseline trial (no

stimuli are presented) can be conducted and the threshold can be obtained from that

trial. In this experiment, we set the threshold to be p-value of 0.001. Figures. 3.13(a,b)

show the detection results of our algorithm using the Gamma Variate model overlayed

on top of the 256× 256 high-resolution anatomical image. Note that this is just the

result for slice no. 6 of the event-related data. We also provide, in Figs. 3.13(c,d), the

results for our algorithm when using the sum of two Gamma functions HRF model

in Eq. (3.28).

For the GLM method, we use a spatial Gaussian filter to reduce noise as a pre-

processing step. The width of the Gaussian kernel is FWHM = 6mm. According to

the study in [86], a spatial smoothing of 6mm would work best for cortical activa-

tions. The HRF model of Eq. (3.27) is then fitted to the averaged temporal vector

over the region of interest (visual cortex), and the fitted curve and its temporal and

dispersion derivatives are used as the columns of the design matrix. We compute a

t-statistic for each pixel to provide the statistical map. Then using the same method

described above, we determine the threshold corresponding to p-value of 0.001. Fig-
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(a) Activation detected by proposed method (b) Activation detected by proposed method

with Gamma Variate HRF with Gamma Variate HRF

for right hemifield stimulus. for left hemifield stimulus.

(c) Activation detected by proposed method with (d) Activation detected by proposed method with

sum of two Gamma functions HRF sum of two Gamma functions HRF

for right hemifield stimulus. for left hemifield stimulus.

(e) Activation detected by GLM (f) Activation detected by GLM

for right hemifield stimulus. for left hemifield stimulus.

(g) Benchmark result for right (h) Benchmark result for left

hemifield stimulus. hemifield stimulus.

Fig. 3.13. An example of detection results of the event-related exper-
iment using proposed method and GLM method with comparison to
benchmark (block paradigm) result. The threshold is chosen corre-
sponding to a p-value of 0.001.
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ures. 3.13(e,f) show the results for slice no. 6 of the event-related data overlayed on

the high resolution anatomical image.

The benchmark results are obtained using AFNI [74] on the block paradigm data,

and are shown in Figs. 3.13(g,h). The design matrix is the Cox waveform [74] with

default parameter settings (delay time = 2.0 seconds, rise time = 4.0 seconds, fall

time = 6.0 seconds, undershoot = 20%, restore time = 2.0 seconds) convolved with

the box-car function corresponding to the paradigm. Note that the same thresholding

method is applied to obtain the binary activation map.

Figure 3.13 shows that most of the activations detected by our algorithm is con-

fined to the visual cortex and is close to the benchmark results, whereas the GLM

method detects only one active pixel for the left hemifield stimulus as shown in

Fig. 3.13(f). Note that the checkerboards presented to the left and right hemifields

are spatially contiguous (albeit disjoint), meeting at the center of the subject’s visual

field. A slight misalignment of the presentation could have produced the observed

activation regions that cross the mid-line of the brain.

Thresholding using false discovery rate

Thresholding using false discovery rate (FDR) [87] has been widely used in func-

tional neuroimaging as an approach to the multiple testing problem [88]. FDR based

thresholding methods control the expected proportion of false positives among all

rejected tests, and they are adaptive to the amount of signal in the data. We follow

the method described in [87] to threshold the benchmark results at a FDR of 0.03.

The benchmark statistical values at the region of no interest are assumed to follow

normal distribution. We compute the sample mean and sample standard deviation of

it to obtain a fit to the normal distribution. After obtaining the distribution of the

benchmark results under null hypothesis, we can compute the p-value at each pixel

location. Note that we do not use the same method as in the previous subsection to

compute the empirical p-values, since if we use the same method then any value above
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the largest value in the region of no interest will have a p-value of zero, which does

not work well for the FDR thresholding strategy. We then follow the steps in [87] to

threshold benchmark results using FDR:

1. Sort the p-values in ascending order:

p(1) ≤ p(2) ≤ · · ·p(N),

where N is the number of pixels.

2. Let r be the largest i for which

p(i) ≤
i

N

f

CN
,

where CN =
∑N

i=1
1
i
, and f is the FDR we choose to tolerate (0.03 in our case).

3. Reject the null hypothesis of no activation for pixels with p-values less than or

equal to p(r).

Note that since we do not know the distribution of the amplitude estimates produced

by our algorithm, we threshold the our results such that the number of suprathreshold

pixels is the same as that in the benchmark experiment. For a fair comparison, we

threshold the GLM results in the same fashion. The detection results are shown

in Fig. 3.14. Again, we find that compared to the GLM algorithm, our detection

results are closer to the benchmark results, and are confined within the primary

visual cortex. We can see that with the FDR thresholding strategy, we detect a bit

more activated pixels for left hemifield stimulus than right hemifield stimulus. That

means the response to the left hemifield stimulus is a little stronger.

Thresholding with k-means clustering

The previous two thresholding methods both need some pre-determined value to

differentiate between activated and non-activated pixels. However, we can use k-

means clustering [89] to find out the activated pixels. Both GLM method and our
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(a) Activation detected by proposed method (b) Activation detected by proposed method

with Gamma Variate HRF with Gamma Variate HRF

for right hemifield stimulus. for left hemifield stimulus.

(c) Activation detected by proposed method with (d) Activation detected by proposed method with

sum of two Gamma functions HRF sum of two Gamma functions HRF

for right hemifield stimulus. for left hemifield stimulus.

(e) Activation detected by GLM (f) Activation detected by GLM

for right hemifield stimulus. for left hemifield stimulus.

(g) Benchmark result for right (h) Benchmark result for left

hemifield stimulus. hemifield stimulus.

Fig. 3.14. An example of detection results of the event-related exper-
iment using proposed method and GLM method with comparison to
benchmark (block paradigm) result. The threshold for the benchmark
experiment is chosen corresponding to a FDR of 0.03. The thresholds
for the other methods are chosen such that the number of suprathresh-
old pixels is the same as that in the benchmark experiment.
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proposed approach eventually produce a two dimensional statistical map (either the t-

statistics map in the GLM method or amplitude estimates {x̂i,j}i,j in our algorithm).

The larger the pixel value on this map, the more probable that pixel is activated.

So we classify pixel values on the statistical map as highly positive, close to zero,

and highly negative (k = 3 in our case) without using any pre-determined number

as threshold level. The highly negative value cluster is to account for the possible

negative response from the superior sagittal sinus (the cluster of bright pixels at the

top of the brain region close to the inner surface of the frontal bone [90]). We perform

k-means clustering on the statistical map obtained from each method, and declare

the group of pixels with the largest centroid value as activated pixels. We show the

detection results using this strategy in Fig. 3.15.

We can see that both our proposed algorithm using the Gamma Variate HRF

model and the benchmark experiment produce reasonable detection results using this

k-means clustering. Our proposed algorithm using the sum of two Gamma functions

HRF model produces a few possible false alarms for the right hemifield stimulus

(Fig. 3.15(c)). However, k-means clustering on the GLM results does not provide

reasonable activation maps. That is because the GLM method does not produce

distinct statistical values at activated pixels. This example also shows the power of

our algorithm compared to GLM method. The advantage of using k-means clustering

is that the activated pixels are identified without the need of certain pre-determined

threshold.

3.7.2 Real Data Experiment 2: Insensitivity to Parameter Variations

To demonstrate that our algorithm is not very sensitive to the regularization

parameters, we vary these parameters over a large range. We find that the detection

results remain similar. For example, for the HRF model in Eq. (3.27), we change

σx to 100 and 10000 and keep all other parameters the same. Figure 3.16 shows the

results if we threshold the amplitude estimates according to the p-values. We can
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(a) Activation detected by proposed method (b) Activation detected by proposed method

with Gamma Variate HRF with Gamma Variate HRF

for right hemifield stimulus. for left hemifield stimulus.

(c) Activation detected by proposed method with (d) Activation detected by proposed method with

sum of two Gamma functions HRF sum of two Gamma functions HRF

for right hemifield stimulus. for left hemifield stimulus.

(e) Activation detected by GLM (f) Activation detected by GLM

for right hemifield stimulus. for left hemifield stimulus.

(g) Benchmark result for right (h) Benchmark result for left

hemifield stimulus. hemifield stimulus.

Fig. 3.15. An example of detection results of the event-related exper-
iment using proposed method and GLM method with comparison to
benchmark (block paradigm) result. The threshold for all methods
are automatically determined from k-means clustering.
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(a) Right hemifield stimulus, σx = 100. (b) Left hemifield stimulus, σx = 100.

(c) Right hemifield stimulus, σx = 10000. (d) Left hemifield stimulus, σx = 10000.

Fig. 3.16. Detection results for different regularization parameters.
In this example, the amplitude parameter map is thresholded corre-
sponding to p-value of 0.001.

see that the detection results only differ at a few pixel locations. Similar results are

obtained when other regularization parameters are varied, i.e., σe, σδ, στ , and q.

3.8 Conclusion

We have proposed a new forward model for event-related fMRI which explicitly in-

corporates the effect of blurring introduced by the scanner. We have developed a new

activation detection algorithm which uses a total variation minimization algorithm to

restore image data and estimates HRF parameters by enforcing spatial regularization

through a generalized Gaussian Markov random field model. We have also proposed

novel ways of estimating model parameters including the width of the blurring kernel.

Our experimental results on synthetic data have shown that our method outperforms

GLM by a large margin. Our analysis has shown that our method favorably compares

to GLM on real data as well.
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Verification of Stray Light Reduction Algorithm

We show that our restoration formulation in Eq. (1.13) results in a good estimate of

the original image x as follows.

Equation (1.13) is in matrix-vector form. We now write the matrix-vector product

out in terms of superpositions. So Eq. (1.13) becomes

x̂(1)(iq, jq) = 2y(iq, jq)−(1−β)λ(iq, jq)y(iq, jq)−β
∑

ip

∑

jp

s(iq, jq; ip, jp)λ(ip, jp)y(ip, jp),

(29)

where λ(iq, jq) denotes the shading factor at 2D position (iq, jq). According to our

assumption that the diffraction-aberration PSF can be approximated by a delta func-

tion, so

y(iq, jq) =
∑

ip

∑

jp

((1− β)δ(iq − ip, jq − jp) + βs(iq, jq; ip, jp))λ(ip, jp)x(ip, jp),

= (1− β)λ(iq, jq)x(iq, jq) + β
∑

ip

∑

jp

s(iq, jq; ip, jp)λ(ip, jp)x(ip, jp). (30)

By substituting the above results into Eq. (29), we obtain the following:

x̂(1)(iq, jq) = 2(1− β)λ(iq, jq)x(iq, jq) + 2β
∑

ip

∑

jp

s(iq, jq; ip, jp)λ(ip, jp)x(ip, jp)

−(1− β)2λ2(iq, jq)x(iq, jq)

−(1− β)βλ(iq, jq)
∑

ip

∑

jp

s(iq, jq; ip, jp)λ(ip, jp)x(ip, jp)

−β(1− β)
∑

ip

∑

jp

s(iq, jq; ip, jp)λ
2(ip, jp)x(ip, jp)

−β2
∑

ip

∑

jp

s(iq, jq; ip, jp)λ(ip, jp)

(

∑

i′

∑

j′

s(ip, jp; i
′, j′)λ(i′, j′)x(i′, j′)

)

.
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Since stray light only occupies a small portion of the entire PSF, β is very small,

β2 ≈ 0. Thus the above can be approximated as in Eq. (31).

x̂(1)(iq, jq) ≈ (1− β)λ(iq, jq)(2− (1− β)λ(iq, jq))x(iq, jq)

+(2β − (1− β)βλ(iq, jq))
∑

ip

∑

jp

s(iq, jq; ip, jp)λ(ip, jp)x(ip, jp)

−β(1− β)
∑

ip

∑

jp

s(iq, jq; ip, jp)λ
2(ip, jp)x(ip, jp). (31)

The shading factor is in fact close to 1 for digital cameras, even at the periphery of

the image. So (1− β)λ(iq, jq) is close to 1. We can let (1− β)λ(iq, jq) = 1− ǫ, where

ǫ is positive and close to 0. Then we have the following:

x̂(1)(iq, jq) ≈ (1− ǫ2)x(iq, jq)

+(2β − (1− β)βλ(iq, jq))
∑

ip

∑

jp

s(iq, jq; ip, jp)λ(ip, jp)x(ip, jp)

−β(1− β)λ(iq, jq)
∑

ip

∑

jp

s(iq, jq; ip, jp)λ(ip, jp)x(ip, jp)

+β(1− β)λ(iq, jq)
∑

ip

∑

jp

s(iq, jq; ip, jp)λ(ip, jp)x(ip, jp)

−β(1− β)
∑

ip

∑

jp

s(iq, jq; ip, jp)λ
2(ip, jp)x(ip, jp),

= (1− ǫ2)x(iq, jq) + 2βǫ
∑

ip

∑

jp

s(iq, jq; ip, jp)λ(ip, jp)x(ip, jp)

+β(1− β)
∑

ip

∑

jp

s(iq, jq; ip, jp)(λ(iq, jq)− λ(ip, jp))λ(ip, jp)x(ip, jp).

Since |λ(iq, jq) − λ(ip, jp)| < ǫ, if we drop all the second order small terms with βǫ,

we get the final approximation result as in Eq. (32).

x̂(1)(iq, jq) ≈ x(iq, jq). (32)
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