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Name/PUID: Key
Problem 1. (40pt) White Noise Driven Random Process

Let Yn, Xn, and Wn be discrete time random processes. Furthermore, let Wn have i.i.d.
samples with distribution N(0, 1), and let Y = T [W ] where y = T [w] is a causal system
defined by

yn = wn +
p∑

k=1

hkyn→k

for some set of filter coe!cients hk for k = 1, . . . , p. Also, define Yi<n = {Yn→1, Yn→2, . . .}.

Problem 1a) Is T a linear time invariant system? Justify your answer.

Solution:
Yes, T is both linear and time invariant.

Problem 1b) Calculate H(ejω) the frequency response of T .

Solution:

y(z) = w(z) +
p∑

k=1

hkz
→k
y(z)

y(z)→
p∑

k=1

hkz
→k
y(z) = w(z)

y(z)

(
1→

p∑

k=1

hkz
→k

)
= w(z)

H(z) =
y(z)

x(z)
=

1

1→
∑p

k=1 hkz
→k

So we have that

H(ejω) =
1

1→
∑p

k=1 hke
→jkω
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Problem 1c) Calculate SW (ejω) the power spectrum of Wn.

Solution:
SW (ejω) = 1

Problem 1d) Calculate SY (ejω) the power spectrum of Yn.

Solution:

SY (e
jω) = SW (ejω)

∣∣H(ejω)
∣∣2

= 1

∣∣∣∣
1

1→
∑p

k=1 hke
→jkω

∣∣∣∣
2

=
1

|1→
∑p

k=1 hke
→jkω|2

Problem 1e) Calculate the value of E [Wn|Yi<n].

Solution:
Since the system T is causal, Wn is independent of Yi<n, so we have that

E [Wn|Yi<n] = E [Wn] = 0

Problem 1f) Calculate an expression for

E [Yn|Yi<n] .

Solution:
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E [Yn|Yi<n] = E

[
Wn +

p∑

k=1

hkYn→k|Yi<n

]

= E [Wn|Yi<n] + E

[
p∑

k=1

hkYn→k|Yi<n

]

= 0 +
p∑

k=1

hkE [Yn→k|Yi<n]

=
p∑

k=1

hkYn→k

Problem 1g) Calculate an expression for

Yn → E [Yn|Yi<n] .

Solution:

Yn → E [Yn|Yi<n] = Yn →
p∑

k=1

hkYn→k

= Wn

Problem 1h) What does problem 1g) above tell you about the prediction errors for the
random process Yn?

Solution:
It says that the prediction errors Wn are independent and identically distributed with zero
mean and unit variance.
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Name/PUID:
Problem 2. (30pt) Multivariate Gaussian

Let X ↑ N(0, R) be a 2→dimensional Gaussian random vector with covariance R. Then
define

Y = T1X

Z = T2Y

W = T3Z

where Y = T1X where T1 = diag{1/
√

R0,0, 1/
√
R1,1}. (Note: All indexing starts at 0.)

Problem 2a) What are the variance of the components Y0 and Y1?

Solution:
E[Y 2

0 ] = E[Y 2
1 ] = 1

Problem 2b) Sketch the 2D distribution of Y with a contour plot.

Solution:

!!

!"

1

1

Problem 2c) Find an explicit 2D linear orthonormal transformation for T2 so that the
components of Z are independent.

5



Solution:

T2 =

[
1↑
2

- 1↑
2

1↑
2

1↑
2

]

Problem 2d) Sketch the 2D distribution of Z with a contour plot.

Solution:

!!

!"

1

1

Problem 2e) Find a 2D linear transformation for T3 so that the components of W are
independent and identically distributed with variance 1.

Solution:

T0 =




1↓
E[Z2

0 ]
0

0 1↓
E[Z2

1 ]





Problem 2f) Sketch the 2D distribution of W with a contour plot.
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Solution:

!!

!"
1

1

1
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Name/PUID:
Problem 3. (20pt) Colormetric Transformations

Let I ↔ ↗31 represent the spectrum of light sample in 10nm steps from 400nm to 700nm.
Our goal will be to match the color of this spectrum of light using three SMPTE 709 RGB
color primaries, R,G,B. We will also use the X, Y, Z color system to do this.

Furthermore, assume that



r
g
b



 = T1I




X
Y
Z



 = T2I

Problem 3a) What name do we give to the rows of T1?
Also, list out two properties for the rows of T1.

Solution:

The rows of T1 are called the r,g,b, color matching functions, and they have the following
two properties:

• sum to 1

• are both positive and negative

Problem 3b) What name do we give to the rows of T2?
Also, list out two properties for the rows of T2.

Solution:
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The rows of T2 are called the X,Y,Z color matching functions, and they have the following
two properties:

• sum to 1

• are non-negative

Problem 3c) Which transformation T1 or T2 is practical to implement in a camera? Why?

Solution:
T2 is practical to implement in a camera because the color matching functions are non-
negative.

Problem 3d) You are designing a color display. Which color space can be directly imple-
mented, X, Y, Z or r, g, b? Why?

Solution:
The r, g, b color space is practical for implementation on a display because the color primaries
are real. However, X, Y, Z color space is not practical for implementation on a display
because the color primaries are imaginary.
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Name/PUID:
Problem 4. (20pt) Color Vision

In this problem, assume you are using an emissive display with SMPTE 709 RGB color
primaries. Also, refer to the following chromaticity diagram.

- star
- circle

- square

- triangle

Problem 4a) What color is represented by the triangle?

Solution:
White

Problem 4b) Let (rc, gc, bc) denote the tristimuluous values indicated by the circle.

• Is this a real color?

• Can this color be displayed?

• Are the values of rc, gc, and bc less than or greater than zero?
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Solution:
Yes, the color is real. No, the color can not be displayed. rt < 0, gt > 0, and bt > 0

Problem 4c) Let (rs, gs, bs) denote the tristimuluous values indicated by the star.

• Is this a real color?

• Can this color be displayed?

• Are the values of rs, gs, and bs less than or greater than zero?

Solution:
Yes, the color is real. No, the color can not be displayed. rt < 0, gt > 0, and bt < 0

Problem 4d) Let (rq, gq, bq) denote the tristimuluous values indicated by the square.

• Is this a real color?

• Can this color be displayed?

• Are the values of rq, gq, and bq less than or greater than zero?

Solution:
No, the color is not real. No, the color can not be displayed. rt < 0, gt > 0, and bt > 0
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Fact Sheet
• Function definitions

rect(t)
↓
=

{
1 for |t| < 1/2
0 otherwise

!(t)
↓
=

{
1→ |t| for |t| < 1
0 otherwise

sinc(t)
↓
=

sin(ωt)

ωt

• CTFT

X(f) =

∫ ↔

→↔
x(t)e→j2εftdt

x(t) =

∫ ↔

→↔
X(f)ej2εftdf

• CTFT Properties

x(→t)
CTFT↘ X↗(→f)

x(t→ t0)
CTFT↘ X(f)e→j2εft0

x(at)
CTFT↘ 1

|a|X(f/a)

X(t)
CTFT↘ x(→f)

x(t)ej2εf0t
CTFT↘ X(f → f0)

x(t)y(t)
CTFT↘ X(f) ≃ Y (f)

x(t) ≃ y(t) CTFT↘ X(f)Y (f)
∫ ↔

→↔
x(t)y↗(t)dt =

1

2ω

∫ ↔

→↔
X(f)Y ↗(f)df

• CTFT pairs

sinc(t)
CTFT↘ rect(f)

rect(t)
CTFT↘ sinc(f)

For a > 0

1

(n→ 1)!
tn→1e→atu(t)

CTFT↘ 1

(j2ωf + a)n

• CSFT

F (u, v) =

∫ ↔

→↔

∫ ↔

→↔
f(x, y)e→j2ε(ux+vy)dxdy

f(x, y) =

∫ ↔

→↔

∫ ↔

→↔
F (u, v)ej2ε(ux+vy)dudv

• DTFT

X(ejω) =
↔∑

n=→↔
x(n)e→jωn

x(n) =
1

2ω

∫ ε

→ε
X(ejω)ejωndε

• DTFT pairs

anu(n)
DTFT↘ 1

1→ ae→jω

(n+ 1)anu(n)
DTFT↘ 1

(1→ ae→jω)2

• Rep and Comb relations

repT [x(t)] =
↔∑

k=→↔
x(t→ kT )

combT [x(t)] = x(t)
↔∑

k=→↔
ϑ(t→ kT )

combT [x(t)]
CTFT↘ 1

T
rep 1

T
[X(f)]

repT [x(t)]
CTFT↘ 1

T
comb 1

T
[X(f)]

• Sampling and Reconstruction

y(n) = x(nT )

Y (ejω) =
1

T

↔∑

k=→↔
X

(
ε → 2ωk

2ωT



s(t) =
↔∑

k=→↔
y(k)ϑ(t→ kT )

S(f) = Y

ej2εfT



13


