EE301 Homewor k #5: Orthonormal Transfor mations

Problem 1 Orthogonality and normalized functions.
Theinner product of two functions over the intervale (a, b) is defined as

whereg*(t) denotes the complex conjugateqdt). The functionsf(¢) andg(t) are calledorthog-
onal if (f(t), g(t)) = 0.
A function f(t) is said to benormalized if

(@700 = [ 150 =1

(@) Are the functionsin(mwt) andsin(nwgt) orthogonal over the interval € (0,7") where
T =271 /wy andm # n?

(b) Letz(t) be an arbitrary real-valued signal, and let

_a(t) — (1)

Tolt) = ——5——

and . .
Jie(t) _ ZL’( )+21’(— )

be the the odd and even partsidt), respectively. Show that,(¢) andz.(t) are orthogonal
over the intervat € (-7, 7T) foranyT.

(c) Find the value of: so that the functiong(t) = t andg(t) = ¢t — at? are orthogonal over
the intervalt € (0,1). Determine the real-valued constan{sandc, so that%) and%t) are
both normalized.

Problem 2 Orthonormal set of functions.
A set of functions{¢,(t)}, wherek is any integer, is called aorthonormal set if (i) ¢x(¢) and
¢m(t) are orthogonal fok # m and (i) all functions in{¢,(¢)} are normalized.

For each of the following problems, check if the given setwidtions form an orthonormal set
over the specified interval. If the functions are not norzedi determine the constaftso that the
set{¢x(t)/C} is orthonormal.

(@) ér(t) = < for wy = 2 andt € (0,7).

(b) ¢r(t) = cos(kwot) for wy = 27 andt € (0, 7).




Problem 3 Function expansion using orthonormal functions.
Given a complete orthonormal bagis; () }3> . over the intervat € (a, b), then we can express
a functionz(t) on the intervala, b) as

[e.e]

a(t) = Y andi(t) 1)

k=—o00

Show that the coefficients,, in the above expression can be determined using the formula

b
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(Hint: Multiply both sides of Equation 1 with*, (¢) and integrate both sides.)

Problem 4 Fourier series expansion. ‘
As you have shown in Problem 2, the §é§$ is orthonormal over the intervale (0,77). Using

the result of Problem 3 we see that we can expand a given &umett), which is periodic with
periodT using this set as

Z a ejkwot

VT P
This representation is called tioethonormal Fourier series representation of z(¢). *
Consider the periodic function with peridd = 2

d(t) = S (t = KT)[u(t — KT) — ult — KT — 2)]

k=—o00

(e.g. for0 <t < 2, z(t) = t). Compute the values of the coefficienig, for all integersk.

Problem 5 Parseval’s formula.
For a signal expressed using Equation 1 show that

[e.9]

[ePar= > P

m=—0Q

This important result is known as the Parseval's formulateNbat the left side is the energy in

x(t).

1n class, we defined the conventional Fourier series expansing the basis functiorg®~* which are orthog-
onal, but not normal. In this case, the Fourier series caeffts are given b%.
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